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(R18A0022)Mathematics-11
Objectives:

1. The aim of numerical methods is to provide systematic methods for solving problems in a
numerical form using the given initial data and also used to find the roots of an equation.

2. To learn the concepts curve fitting, numerical integration and numerical solutions of first

order ordinary differential equations.

Evaluation of improper integrals using Beta and Gamma functions.

Evaluation of multiple integrals.

In many engineering fields the physical quantities involved are vector valued functions.

Hence the vector calculus aims at basic properties of vector valued functions and their

applications to line, surface and volume integrals.

ok w

UNIT - I: Solutions of algebraic and transcendental equations, Interpolation

Solution of algebraic and transcendental equations: Introduction, Bisection Method, Method
of false position, Newton Raphson method and their graphical interpretations.

Interpolation: Introduction, errors in polynomial interpolation, Finite differences - Forward
differences, backward differences, central differences. Newton’s formulae for interpolation,
Gauss’s central difference formulae. Interpolation with unevenly spaced points - Lagrange’s
Interpolation.

UNIT — Il: Numerical Methods

Numerical integration: Generalized quadrature - Trapezoidal rule, Simpson’s 1/3" and
Simpson’s 3/8" rules.

Numerical solution of ordinary differential equations: Solution by Taylor’s series method,
Euler’s method, Euler’s modified method, Runge-Kutta fourth order method.

Curve fitting: Fitting a straight line, second degree curve, exponential curve, power curve by
method of least squares.

Unit I11: Beta and Gamma functions

Introduction of improper integrals- Beta and Gamma functions - Relation between them, their
properties, Evaluation of improper integrals using Beta and Gamma functions.

Unit IV: Double and Triple Integrals

Double and triple integrals (Cartesian and polar), change of order of integration in double
integrals, Change of variables (Cartesian to polar).




Unit V: Vector Calculus

Introduction, Scalar point function and vector point function, Directional derivative, Gradient,
Divergence, Curl and their related properties, Laplacian operator, Line integral - Work done,
Surface integrals, Volume integral. Vector integral theoerem-Green’s Theorem, Stoke’s theorem
and Gauss’s Divergence Theorems (Statement & their Verification).

TEXT BOOKS:

i) Higher Engineering Mathematics by B V Ramana ., Tata McGraw Hill.
if) Higher Engineering Mathematics by B.S. Grewal, Khanna Publishers.
iii) Mathematical Methods by S.R.K lyenger, R.K.Jain, Narosa Publishers.

REFERENCE BOOKS:

i) Advanced Engineering Mathematics by Kreyszig, John Wiley & Sons.
i) Advanced Engineering Mathematics by Michael Greenberg —Pearson publishers.
iii) Introductory Methods of Numerical Analysis by S.S. Sastry, PHI

Course Outcomes: After learning the contents of this paper the student will be able to

1. Find the roots of algebraic, non algebraic equations and predict the value at an
intermediate point from a given discrete data.

2. Find the most appropriate relation of the data variables using curve fitting and this

method of data analysis helps engineers to understand the system for better interpretation

and decision making.

Find a numerical solution for a given differential equation.

4. Evaluate multiple integrals and to have a basic understanding of Beta and Gamma
functions.

5. Evaluate the line, surface, volume integrals and converting them from one to another
using vector integral theorems.
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MATHEMATICS-II INTERPOLATION

UNIT-I
SOLUTION OF ALGEBRAIC AND TRANSCENDENTAL EQUATIONS,
INTERPOLATION

INTRODUCTION

Using mathematical modeling, most of the problems in engineering and physical and
economical sciences can be formulated in terms of system of linear or non linear
equations, ordinary or partial differential equations or Integral equations. In majority
of the cases, the solutions to these problems in analytical form are non-existent or
difficult or not amenable for direct interpretation. In all such problems, numerical
analysis provides approximate solutions are practical and amenable for analysis.
Numerical analysis does not strive for exactness. Instaed, it yields approximations
with specified degree of accuracy. The early disadvantages of the several numbers of
computations involved has been removed through high speed computation using
computers, giving results which are accurate, reliable and fast. Numerical approch is
not only a science but also an ‘art’ because the choice of ‘appropriate’ procedure
which ‘best’ suits to a given problem yields ‘good’ solutions.

Solution of algebraic and transcendental equations

Introduction:

Polynomial function: A function f (x) is said to be a polynomial function of n'" degree, if

f(x) isapolynomialinx.i.e. f(x) = apx™+a;x™ 4 oo+ X + ay
where a,#0, the co-efficients a,,a,........... a, are real constants and n is a non-negative
integer.

Algebraic function: A function which is a sum (or) difference (or) product of two
polynomials is called an algebraic function. Otherwise, the function is called a transcendental
(or) non-algebraic function.

Eg: f(x) =x3—4x? + 5x — 2 isaalgebraic equation

Eg:  f(x) = xcosx —e* = 0 is a Transcndental equation

Root of an equation: A number « is called a root of an equation f(x):O if

f (a) =0. We also say that « is a zero of the function.
Graphical view of a root of an equation:

y

0 > X
root

The roots of an equation are the points where the graph y = f (x) cuts the x-axis.
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MATHEMATICS-II INTERPOLATION

Methods to find the roots of an equation f (x) = 0:
1. Direct methods: We know the solution of the polynomial equations such as linear equation

ax + b =0, and quadratic equation ax*+bx+c =0, using direct methods or analytical methods.
Analytical methods for the solution of cubic and biquadratic equations are also available.But we are
unable to find roots of higher order (above fourth order) algebraic equations and also transcendental
euations.So,we go for Numerical methods i.e Iterative methods.

2. Iterative methods: The following are some iteravative methods to find an approximate
root of an equation

(1) Bisection Method
(2) Regula- Falsi Method
(3) Newton Raphson method

Intermediate value theorem: If f is a real-valued continuous function on the interval
[a, b], and u is a number between f(a) and f(b), then there is a ¢ € [a, b] such that f(c) = u.

Bisection method or Half-interval method:

Bisection method is a simple iteration method to find an approximate root of an equation.
Suppose that given equation of the formis f (x) = 0.
In this method first we choose two points x, x; such that f(x,) and f (x;) will have opposite

signs (i.e f(xy). f (x;) < 0) then the root lies in interval (x,, x;). Now we bisect this interval
at x, ,if f(x,) = 0 then x, is a root of an eqution otherwise the root lies in (x, x;) or(x,, x;)
accordingly f(xo).f(x;) < 0and f(xy).f(x;) <O.

Assume that f(xg).f(x;) < 0 then the root lies in interval (x,,x,) , now we bisect this
interval at x5, ,if f(x3) = 0 then x5 is a root of an eqution otherwise the root lies in (x, x3)
or(x3, x,) accordingly f(x). f(x3) < 0and f(x3). f(x,) <O0.

We continue this procedure till the root is found to the desired accuracy.

PROBLEMS

1. Using bisection method, find the negative root of x> —~4x+9=0
SOL.:

Givenf(x)= x* —4x+9

f(-1)=-1+4+9=12>0

f(-2)=-8+8+9=9>0

f(-3)=-27+12+9=-6<0

Since f(-2)>0 and f(-3)<0 therefore root lies in interval (-2,-3)= (xg, x1)
Bisect this interval to get next approximation x,

ie x,=——=-25, f(-2.5)>0
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MATHEMATICS-II INTERPOLATION

Since f(-2)>0 f(-2.5)>0 f(-3)<0 therefore root lies in (-2.5,-3)
Bisect this interval to get next approximation x;

2573275, f(-2.75) <0

5 =

e x3=

Since f(-2.5)>0 f(-2.75)<0 f(-3)<0 therefore root lies in (-2.5,-2.75)

Bisect this interval to get next approximation x,
—2.5-2.75 _

=--2.625, f(—2.625)<0

l.e x,=

Since f(-2.5)>0 f(-2.625)>0 f(-2.75)<0 therefore root lies in (-2.625,-2.75)

Bisect this interval to get next approximation xs
_—2.625-2.75_

e xs=—2"2"=. 2 6875, f(—2.6875)<0

Since f(-2.625)>0 f(-2.6875)>0 f(-2.75)<0 therefore root lies in (-2.6875,-2.75)

Bisect this interval to get next approximation x

e xg=— " 2=-27187,  f(—2.7187) <0

We continue this procedure till the root is found to the desired accuracy. (stop the procedure
when two successive approximations are same up to four decamal places)

2). Find a root of the equation x*—x—1=0 using the bisection method in 5 — stages
Sol. Given f(x) =x3—-x—1
f()=-1<0
f(2)=5>0
=~.One root lies between 1 and 2
Now see f(1) is near to 0 than f(2). So root is near to 1
so again find f(1.1),f(1.2)......

Till one is + ve and another — ve.

Clearly f(1.1)<0,f(1.2)<0

f(1.3)=-0.103<0

f(1.4)=0.344>0

Since f(1.3)<0 and f(1.4)>0 therefore root lies in interval (1.3,1.4)= (x,, x;)
Bisect this interval to get next approximation x.,

ie X, = %(1.3+1.4) =1.35

here f(2) =5>0

Since f(1.3)<0 f(1.35) > 0 (1.4)>0 therefore root lies in (1.3,1.35)
Bisect this interval to get next approximation x5

e x;="o-=1.325, f(1.325) = 0.0012 >0
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MATHEMATICS-II INTERPOLATION

Since f(1.3)<0 f(1.325)>0 f(1.35)>0 therefore root lies in (1.3,1.325)
Continuing like above upto two iterations nearly same upto three decimals,we get
Therefore, Approximate root is 1.32.

3) Find a root of an equation 3x= e*using bisection method.
Sol

Let f(x)=3x—e"
f (1)=0.281718>0
f (2) =-1.389056 <0

Since f(1)>0 and f(2)<0 therefore root lies in interval (1,2)= (xq, x1)
Bisect this interval to get next approximation x.,

ie x, = Xogxl =15 f(1.5) > 0
Since f(1)>0 f(1.5)>0 f(2)<0 therefore root lies in (1.5,2)

Bisect this interval to get next approximation x5

iex; = =22=1.75 f(x;) = f(1.75) <0

Since (1.5)>0 f(1.75)<0 f(2)<0 therefore root lies in (1.5,1.75)

Bisect this interval to get next approximation x,
_1.5+1.75

i.e x,="2=1625, f(1.625) = 1666 >0

Continuing like above up to 12 iterations we get

x;; = 1.512323

and

x1, = 1.512208
Therfore we got two successive iterations same up to three decimal places
Therefore, Approximate root is 1.512.
4. Find a root of an equation x logyo x= 1.2 using bisection method which lies between 2
and 3
Sol:
Given f(x) = x log;ox — 1.2
f(1)=-1.2<0
f(2)=-0.59<0
f(3)=0.23>0
Since f(2)>0 and f(3)<0 therefore root lies in interval (2,3)= (xq, x;)
Bisect this interval to get next approximation x.,

. 2+3
l.e XZZT =25

Here f(2.5) <0

Since f(2)<0 f(2.5)<0 f(3)>0 therefore root lies in (2.5,3)
Bisect this interval to get next approximation x5
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MATHEMATICS-II INTERPOLATION

2'52+3:2.75 Here f(x3) = f(2.75) > 0

Continuing like above ,we get xq = 2.7453 x,,=2.7406
Therefore, Approximate root is 2.741.

5.Find a root of an equation x = cosx using bisection method.
SOL:

Given fx) = x - cos(x)

f(0)=0—-cos0O = -1 <0

f(1)=1-cosl = 04597 >0

then one root must be lies between in (0,1)

Here f(1)value is near to zero so

£(0.9) = 0.2784 >0

£(0.8) = 0.1033 >0

f(0.7) = —0.0648 <0

Since f(0.7)<0 and f(8)>0 therefore root lies in interval (0.7,0.8)= (x,, x;)

Bisect this interval to get next approximation x.,
e, x, =2 =222 =075  £(0.75) = 0.0183 > 0

Since f(0.7)<0 f(0.75)>0 f(0.8)>0 therefore root lies in (0.7,0.75)
Bisect this interval to get next approximation x5

i.ex3:

) _x+ % 07+075 y
Lexs=——"—= > = 0.725  f(0.725) = —0.0235< 0

Since f(0.7)<0 £(0.725) < 0 f(0.75)>0 therefore root lies in (0.725,0.75)
Bisect this interval to get next approximationx,

X, + x 0.725 + 0.75
lex,=— ! = - =0.7375  £(0.7375) = —0.0027 < 0

Since £(0.725) < 0 f(0.7375) < 0 f(0.75)>0 therefore root lies in (0.7375,0.75)
Bisect this interval to get next approximation xs

X, + x, 0.7375+0.75
iexs =2 > t = : =0.7425  f(0.7425) = 0.0057 > 0

We continue this procedure till the root is found to the desired accuracy. (stop the procedure
when two successive approximations are same up to four decamal places)
The required approximate root = 0.7392.
6. Find a root of an equation 3x = cosx + 1 using bisection method.
SOL:Given f(x) = 3x— cosx-1
f(0)=-2<0
f(1) = 1.4597 > 0
£(0.5) = —0.3776 < 0
Since f(0.5)<0 and f(1)>0 therefore root lies in interval (0.5,1)= (x,, x;)

Bisect this interval to get next approximation x.,
_XO+ X1 0.5+1

e x,=———=—+—=0.75 f£(0.75) = 0.5183 >0

2 2

Since f(0.5)<0 f(0.75)>0 f(1)>0 therefore root lies in (0.5,0.75)
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MATHEMATICS-II INTERPOLATION

Bisect this interval to get next approximation x

iex,= 20 =222 = 0625 f(0.625) = 0.06403 > 0
Since f(0.5)<0 f(0.625) > 0 f(0.75)>0 therefore root lies in (0.5,0.625)

Xo+ X3 _ 0.5+0.625 _
2 2

Bisect this interval to get next approximationx, i.e x,=

0.5625 f(0.5625) = —0.1584 < 0
Since (0.5)<0 f£(0.5625) < 0 f(0.625) > 0 therefore root lies in (0.5625,0.625)

. .. - - . + 0.5625+0.625
Bisect this interval to get next approximation x i.e xs==""* = . =

0.59375 £(0.59375) = —0.0475< 0

We continue this procedure till the root is found to the desired accuracy.

(stop the procedure when two successive approximations are same up to four decamal places)
Therefore, Approximate root is 0.61.

7.Find the real root of the equation x3-5x+1=0 by bisection method.

Sol: given that f(x)= x3-5x+1
f(0)=1>0,
f(1)=-3 <0
Hence the root lies between 0 and 1

Let the initial approximation be xo = % =0.5

f(0.5)=-1.375<0
since f(0) >0 and f(0.5)<0

therefore the root lies between 0 and 0.5
0+0.5 —0.95

The second approximation x;=

f(0.25)=-0.234<0
since f(0) > 0 f(0.25) <0 f(0.5)<0
therefore the root lies between 0 and 0.25

0+0.25 0125

the third approximation xz=

Now f(0.125)=0.3749 > 0
f(0) > 0 £(0.125)>0 f(0.25) < 0

therefore the root lies between 0 and 0.125

continue this procedure till the desired occurucy is obtained.

False Position Method ( Regula — Falsi Method)

Using False position method we find the approximate root of the given equation f (x) =0in
in this method first we choose two initial approximate values X, and X, such that f(x,) and
f(x1) will have opposite signs i.e f(xo) .f (xl) <0. Therefore the root lies in interaval

(%0, %0)
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MATHEMATICS-II INTERPOLATION

Here two cases occur (i) f(x,)<0, f(x)>0 (i) f(x,)>0, f(x)<0

y
(x1,f(x1))
f(x1)>0

FIGURE OF CASE (1)

f(X0)<0 root

A (%o, f(x0))

Let A=(x,, f(x%))and B=(x,f(x)) be the points on the curve y=f(x) Then the

equation to the chord AB js X100 = [C=/G0) _ _ _ _ _ 1)

X—=Xo X1—Xo

At the point C where the line AB crosses the x — axis, where f(x) = 0ie, y =0
substitute y = 0 in equation (1), then we get

X =%

X=X, — f(%)—(2)
F(x)=f (%)

x is given by (2) serves as an approximated value of the root, when the interval in which it

lies is small. If the new value of x is taken as X, then (2) becomes

Now we decide whether the root lies between
X, and x, (or)x, and x

In the above graph clearly f(x2)<0
Therefore root lies between x; and x.

We name that interval as (X, X, )

The next approximation is given by X, =
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MATHEMATICS-II INTERPOLATION

This will in general, be nearest to the exact root. We continue this procedure till the root
is found to the desired accuracy.

The iteration process based on (3) is known as the method of false position

The successive intervals where the root lies, in the above procedure are named as

(%0 %), (%% ) (X, %) etc
Where x; < x;,, andf(x,), f(x;.,) are of opposite signs.
X F (%) =% f(x)
f(x)—f(x)
CASE(Il) f(x,)>0, f(x)<0
Repeate same procedure as case(i).

Also X, =

PROBLEMS:

1. Find an approximate root of the equation f(x) = logx — cosx by using Regula-Falsi
method.

Sol : Given equation is f(x) = logx — cosx

f(1) =logl— cos1l =—-0.5403 <0

f(2) =log2 — cos2 =1.1093 >0

Since f(1) < 0 and f(2) > 0 Therefore the root lies in interval (1,2) = (xq, x;)
Since f(x,) = —0.5403 < 0 and f(x;) = 1.1093 > 0
The next approximation to the root is given by
o xof (x1) = x1f ()
2 f(x1) - f(xo)
f(x,) = f(1.3275) = 0.04239 > 0

= 1.3275

Since f(x,) = —0.5403 < 0 , f(x,) = 0.04239 > 0, f(x;) = 1.1093 > 0

Therefore the root lies in interval (x,, x,) = (1,1.3275)
The next approximation is
% = Xof (x2) — x2f (%)
f(xz) — f(xo)
Continue the procedure until the successive approximations are same up to four decimal
places

= 1.3035

2. Find an approximate root of the equation f(x) = e*sinx — 1 = 0 by using Regula-
Falsi method.
Sol: Given equation is f(x) = e*sinx —1 =0
f(0)=-1<0

f(1) =1.2873>0
Since f(0) <0 and f(1) >0
Therefore the root lies in interval (0,1) = (xq, x;)
flxo) =—1<0 and f(x;) = 1.2873 > 0
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MATHEMATICS-II INTERPOLATION

The next approximation to the root is given by
_ Xof (x1) — x1f (xo)

S T — fag) T

f(x,) = £(0.4372) = —0.3444 < 0

f(x) =1.2873 >0 and f(x;) = —0.3444 < 0

Therefore the root lies in interval (0.4372,1) = (x4, x;)
The next approximation is

Yo = x1f(x2) — x2f (x1)
° Q) = f(xq)

Continue the procedure until the successive approximations are same up to four decimal
places

= 0.556

3. Find an approximate root of the equation f(x) = 2x — log,o x — 7 = 0 by using
Regula-Falsi method.
Sol: Given equation is f(x) = 2x — logi, —7 =0

fl)=-5<0

f(2) =-33010<0

f(3)=-14771<0

f(4) =0.3979 >0

Since f(3) <0 and f(4) >0
Therefore the root lies in interval (3,4) = (xg, x;)
f(x,) = —1.4771 < 0 and f(x;) = 0.3979 > 0
The next approximation to the root is given by

4 xof (1) — x1f (xo)

Xy = £ = FOxg) = 3.7878

f(x,) = —0.0028 < 0
f(x;) = 03979 >0 and f(x,) = —0.0228 < 0

Therefore the root lies in interval (3.7878,4) = (x5, x;)
The next approximation is

u = xof () — x1f (x3)
’ f(x1) = f(x)

Continue the procedure until the successive approximations are same up to four decimal
places
4. Find a root of an equation 3x= e* using False position method.
Sol.  Let f(x)=3x—¢€"
f(0)=-1 f(0.1)=-08,..
f (0.6)=-0.0221192 <0, f(0.7) = 0.086247 > 0

= 3.7893

Then

Since f(0.6). f(0.7) <0 and these values are near to zero

Therefore the root lies in the interval (0.6,0.7)= (xq, x;)
By False position method
The next approximation to the root is given by
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MATHEMATICS-II INTERPOLATION

Yo = xof (x1) — x1f (xp)
2 f(x1) = f(xo)

= 3.7878

_ 0.6£(0.7)—0.7£(0.6)
~ f7-f(0.6)
=0.620451
Since f(x,)<0 f(x,) =f(0.620451)=0.001587>0  f(x,)>0
Therefore the root lies in the interval (0.6, 0.620451)= (x,, x)
The next approximation to the root is given by

Yo = xof (x2) = x,f (x0)
T flx) = fxo)

_0.6£(0.620451)—0.620451f(0.6)
a £(0.620451)—£(0.6)
=0.619083

f (0.619083)=0.000025>0
= The Approximate root is 0.6190
5. Find the root of xlog;o x — 1.2 = 0 using Regula falsi method.
Sol:
f(x) = xlogox — 1.2
Here
f(2)=-0.59<0,
f(3)=0.23>0
Since f(2)<0 and f(3) >0 the root lies in the interval (2,3) = (x,, x;)
The next approximation to the root is given by

. - Xof (1) — x1£ (o)

27 flx) — fxo)

_2f(3)-3f(2)

Cf®-f@)

=2.7195
Since f(x,)<0 f(x,) =1(2.7195)=-0.0184<0  f(x,)>0
Therefore the root lies in the interval(2.7195,3)= (x,, x;)
The next approximation to the root is given by

u = Xof (x1) — x1f (x3)
’ flx1) = f(xz)

_2.7195 f(3)—3£(2.7195)
o f(3)—f(2.7195)
=2.7403

f(2.7403)=-0.000302<0
Clearly f(2.7403) is nearly equal to zero up to 3 decimal places
~ The Approximate Root is 2.740
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6. By using Regula - Falsi method, find an approximate root of the equation

x* —x—-10=0 that lies between 1.8 and 2. Carry out three approximations
Sol.

Let us take f(X):X4—X—10 and X, =1.8,x =2
Then f(x,)=f(1.8)=—-1.3<0and f(x)="f(2)=4>0

Since f(x,) and f(x,)are of opposite signs, the equation f (x)=0 has a root between
X, and X
The first order approximation of this root is
X — Xy
X, =Xy ——————0 (X
T ()
2-18

_18 13
213 (1)

=1.849
We find that f(x,)=-0.161so that f(x,) and f(x,) are of opposite signs. Hence the

root lies between x, and X, and the second order approximation of the root is

2-1.849

. }x(—0.159)

=1.8490 —{

=1.8548
We find that f (x,)= f (1.8548)
=-0.019
So that f(x,)and f(x,) are of the same sign. Hence, the root does not lie between
x, and x,.But f(x,) and f(x,) are of opposite signs. So the root lies between

X; and X, and the third order approximate value of the root is x, =x;—
e ] e

f(x1)—f(x3)
= 1.8548 — 221858 + (-0.019)

4+0.019
Therefore, approximate root is 1.8557

NEWTON RAPHSON METHOD:

The Newton- Raphson method is a powerful and eligant method to find the root of an
equation. This method is generally used to improve the results obtained by the previous
methods.

Let X, be an approximate root of f(x)=0 and let X, =X, +h be the correct root

which implies that f (x,)=0. We use Taylor’s theorem and expand f (x )= f (x,+h)=0
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= f(x,)+hf'(x)=0

f (%)

(%)

Substituting this in X, ,we get

=h=-

. X, IS a better approximation than X,

Successive approximations are given by
h . —_ . f(xp)
X, X3 e e e Xy WHEIR Xpyq = X — 05
GEOMETRICAL INTERPRETATION
From below diagram tang=222=L*% . (1)
adj xo—-x1

But slope =tan@ = f'(Xo) ............... (2)
From (1) and (2) we have

f(xl)

f(x3)

PROBLEMS

1. Using Newton — Raphson method
a) Find square root of a number
b) Find reciprocal of a number
Sol.  a) Square root:

Let f (x) =x?>—N =0, where N is the number whose square root is to be found. The
solution to f (x) is then x =N

Here f'(x)=2x

By Newton-Raphson technique
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= X
i+1 i f 1 (Xi ) i 2Xi
= Xa =7 Nt —
2 X;
Using the above iteration formula the square root of any number N can be found to
anydesired accuracy. For example, we will find the square root of N =24.
Let the initial approximation be X, =4.8

X, = %(48 + j_:) — l (23.04+24) — 47.04 =49

2 4.8 9.6
v =49, 24 1(240L424)_480L_, o0
2 49) 2 49 9.8
- 408, 24 )| _1(23.9904+24) 479904 _, .o
2 4898) 2\ 4.898 9.796

Since X, = X;, there fore the solution to f (x)= x*—24=0 is 4.898. That means,

the square root of 24 is 4.898
b) Reciprocal:
1

. The reciprocal of Let f (x)==—N =0 where N is the number whose reciprocal is to be
X
found
The solution to f (x)is then = % Also, fl(x)=_—;l
X

To find the solution for f (x)=0, apply Newton — Raphson method]

&)
-1/x?

For example, the calculation of reciprocal of 22 is as follows
Assume the initial approximation be X, =0.045

" % =0.045(2-0.045x 22)
—0.045(2-0.99)
= 0.0454(1.01) = 0.0454
X, = 0.0454(2—0.0454x 22)
= 0.0454(2-0.9988)
= 0.0454(1.0012) = 0.04545
X, = 0.04545(2 - 0.04545x 22)
— 0.04545(1.0001) = 0.04545

x, = 0.04545(2 — 0.04545 x 22)
= 0.04545(2 — 0.99998)
= 0.04545(1.00002)
= 0.0454509
~Reciprocal of 22 is 0.04545

Xip1 = X — = x;(2 — x;N)
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2. Find by Newton’s method, the real root of the equation xe* = cosx correct to
three decimal places.
Sol. Let cosx — xe* = f(x)

Then f (O) =1>0,f (0.5) =0.053>0f(0.6) =—0.267 <0

So root of f (x) lies between 0.5 and 0.6

Here (0.5) value is near to zero.
f(1) is near to zero. So we take X, =0.5 and f*(x)=—sinx—(x+1)e"
.. By Newton Raphson method,we have

Xipl = X; —% for i=0,1,2....

_ f (%)
Xl - XO fl (XO)
= 0.5—M =0.68026
—2.952507

The second approximation is given by

First approximation is given by

f(%
X, =X = fl((xl))
068026 056569
' -3.946485

=0.536920

.. Continue like above we have x3= 0.51809 x4= 0.517757
Approximate Root = 0.517

3. Find a root of an equation e* sinx = 1 using Newton Raphson method
Sol : f(x)=e* sinx -1

f(0)=-1<0

f(0.1)=-0.8<0 ....

f(0.5)=-0.209561<0

f(0.6)=0.028846>0

Since f(0.5)<0 and f(0.6)>0 the root lies in the interval(0.5,0.6)
but f(0.6) value is near to zero.

So choose x0=0.6

and

F(X)=(cosx +sinx)e*

By applying Newton Raphson method,we have

Xipy = X; — }ff(x;?) for i=0,1,2.....

f (%)

(%)
=0.6 M =0.58861

2532705

First approximation X, = X, —

DEPARTMENT OF HUMANITIES & SCIENCES | MRCET (EAMCET CODE: MLRD) 14




MATHEMATICS-II INTERPOLATION

f(x)
t(x)

=0.588611—

The second approximation X, = X, —

0.000196

2.498513
=0.588533

=~ Approximate Root is 0.588
4.Find a root of an equation x+log4 x = 2 using Newton raphson method.
SOL:
Given f(x) =x+logiox — 2
Here
f(1)=-1<0
f(2)=0.301>0
Since f(1)<0 and (2)>0 the root lies in the interval (1,2)
Here f(2)is near to zero
So f(1.9)=0.1788>0; f(1.8)=0.0553>0
Since f(1.8) is near to zero
Choose x, = 1.8 then

log.o e
F&)=1+J%L

By Newton Raphson method, we have

fxq) -
Xiz1 = X; — ?’;J for i=0,1,2.....
oo fTexe) 0.0555 _
X1 = Xp o) =1. > =1.7552
Now f(1.7552)=-0.00013 and f/(1.7552) = 1.2473
flxy)
Xy = Xq ————==1.7555
20 fe)

Now f(1.7555) =-0.00000012
Hence Approximate root is 1.7555(coorect to 4 decimal places)

5. Using Newton — Raphson method
a) Derive formula for cube root of a number
b) Find cube root of 15.
SOL: Let f(x) =x3 = N where N is the real number whose root to be found.

Solution to f(x) is then x3 = N f'(x) = 3x2

. . X3-N
Newton Raphson formula to find X;,1 = X; — GO Xi —

£ 3x2
Here f(2) =-7 <0 and f(2.5) =0.625 >0
so one root lies between (2,2.5)
take initial approx value is xy, = 2
using Newton Raphson formula X;,; = X; — %
2)° - 15
X1 =2 —()—2 = 2.58333
3(2)
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(2.58333)° - 15

X, = 2.58333 — = 2.47144
3(2.58333)
X. = 2.47144 — (247144)° —15 _ 2.46622
3T~ 3(2.47144)2 ~ ©
_ (2.46622) — 15 _
X, = 246622 — a6613 = 2.46621

. Xg = X9 = 2.466221(upto 4 decimal places) is the required approximate root.

6.Find a real root of the equation3 x = cos x + 1 Using Newton Raphson method.
f(x) =3 x-cosx—1

f(0)=-2<0

f(1) = 1.4597 > 0

. The root lies between 0 and 1.

Let x, =1

using Newton Raphson formula,we have

Xiz1 = X; — ;1((9:3) for i=0,1,2.....

f (x) =3+sinx
f'(1) = 3+sinl=3.8414
. . f1(x0) 0.4597
First approximate root x; = xo — =1-
PP V720 fae) T 38414

f(0.8804) = 2.6412 - 0.6368 —1=1.0044
And f'(0.8804) =3.7709

=0.8804

Second approximation is x, = __f,(xi) = 1_1-0044
(%) 3.7709

f(0.6141) =1.8423-0.8172—-1=0.0251
and
f (0.0251) =3.5762

=0.8804-0.2663=0.6141

Third approximation is x, = X, —ﬁ :O.6141-% =0.6141-0.007=0.6071

£ (x,) 3.5762

- £(0.6071)=1.8213-0.8213-1=0

Hence Required Root is 0.6071
7. Find the root between 0 and 1 of the equation x3-6x+4 = 0 correct to five decimal
places.
Sol: Let f(x) = x3-6x+4
f(0) =4 >0 and f(1) =-1 <0
Therefore the root lies between 0 and 1.
Let the root is nearer to 1.
S0, Xo=1
f'(x) = 3x%-6, f'(1) = -3
The first approximation to the required root is
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Fx0) _ 2_ ) 66666
f'(x0) 3

X1= Xo -

Second approximation is given by

F(9) _ 473015
£(xa)

Third approximation is given by
X3= Xz - M =0.73204

X2=X1 -

f'(x2)
Fourth approximation is given by
xs= %3 - -0 = 073205

f'(xs)

The root is 0.73205 correct to five decimal places

ORDER OF CONVERGENCE
The deviation from the approximate root with actual root is called ERROR.
Error at n™, (n+1)"" iterations are
€n =Xn -, €n+1 = Xn41-C&
If e,.1 <k e,P then the method is said to be of order ‘p’.
NOTE:
1. The method converges very fast if ‘k’ is very very small and ‘p’ is large.
2. Regula falsi and iteration methods converge Linearly.

1. Show Bisection method converges LINEARLY.

Sol: Choose initial approximations a, b such that f(a).f(b)<0
And let first approximation be x,

. b b—
Distance betweenaand x; =x;-a :%-a:Ta
. b b—
Distance betweenband x; =b — x; =b — %:Ta
Here say root « lies betweenaand x; orband x;
b—a
XS —
i< =
After n iterations, we get
b—-a
|xn'af|S on
1b-a
Xpt1-QA|S ——
| n+1 |— 2 2m
1 . . .
ent1 < Eerll = Bisection method converges linearly

2. Show Newton Raphson method converges Quadratically
Sol: Let x,.be the actual root and x;, x;,;are ith,(i+1)th iterations in NRM.Then

K= x5
i1 = A fl(xi)
X T106) =% 17()-f(x)
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)= FH(%) (X -X0) oo (1)

Taylor’s theorem around x=x;
Is given by f(x;)=f(xi+h
= o)+ (ar — xi) £(x,) +(’”‘2—’“'>2f" (%) + - l2)
Neglecting higher order terms and sub (1) in (2) ,we get
=Hoep- X,y )+ Cer — xi) £1(x) +@f” (%)
Solving

II(X) II(X)

2 J—
eir1=-112 (= 0 Ye;” Where p=2 and k==-1/2 (—— F oo )

DEPARTMENT OF HUMANITIES & SCIENCES | MRCET (EAMCET CODE: MLRD) 18




INTERPOLATION

Introduction:

If we consider the statement y = f (x);x, <x<x, we understand that we can find the
value of y, corresponding to every value of x in the range x, <x<x,. If the function f (x)
is single valued and continuous and is known explicitly then the values of f (x) for certain

values of x like X,, X,......... X, can be calculated. The problem now is if we are given the set

of tabular values

X XO X1 xZ ............... xn

y H Yo V1 Vo o | e VYn

Satisfying the relation y = f (x) and the explicit definition of f (x) is not known, it
is possible to find a simple function say ¢ (x) such that f(x) and ¢(x) agree at the set of
tabulated points. This process to finding ¢(x) is called interpolation. If #(x) is a

polynomial then the process is called polynomial interpolation and ¢(x) is called

interpolating polynomial. In our study we are concerned with polynomial interpolation
OR

Let X0»>% —— ==X, be the values x and Y,,Y,,Y,,——— Y, be the values of yand y =

f(x) be a unknown function .The process to find the value of the unknown function y =
f(x) when the given value of x and the value of x lies within the limits x,to x, is called

interpolation

Extrapolation:

Let XX ==X pe the values x and y,, y,,Y,,——— Y, be the values of y and y=f(x) be
a unknown function .The process to find the value of the unknown function y=f(x) when the
given value of x and the value of x lies outside the range of x,to X, is called Extrapolation

Note: If the differences of x values are equal in the given data then it is called equal spaced
points otherwise it is called unequal spaced points

Note:
i) Suppose a given value of x is nearer to starting value of x then we use Newton’s
forward interpolation formula.
i) Suppose a given value of x is nearer to ending value of x then we use Newton’s

backward interpolation formula.

iii) Suppose a given value of x is nearer to middle value of x then we use Gauss
interpolation formula.

iv) Suppose the given data has unequal spaced points then we use Lagrange’s
interpolation formula
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Finite Differences:

Finite differences play a fundamental role in the study of differential calculus, which is an

essential part of numerical applied mathematics, the following are the finite differences.

1. Forward Differences 2. Backward Differences 3. Central Differences

1.Forward Differences: The Forward Difference operator is denoted by A , The forward

differences are usually arranged in tabular columns as shown in the following table called a

Forward difference table

Values Values of | First differences Second Third differences Fourth differences
of x y (A) differences (A% (A%
(A%)
Xo yO
A)’o =YY
X1 y1 AZyo = Ay1 - Y
AY1:y2_y1 ASVOZAZY1_A2y0
X, Y, A2y1 = AY2 - AY1 A4 Yo = A3 Y, — A3 Yo
AY, =Y, -, A%y, = A%y, — A%y,
X3 y3 AZ Y, = Aya - Ayz
Xy Y4 Ays; =y, —ys3
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2. Backward Differences: The Backward Difference operator is denoted by V and the

backward difference table is

X |y | Vy | Ay | Ay | Aly
Xo Yo
Vy1
X1 | y1 V2y,
Vys V3ys
X2 | Y2 V2y3 V4
Vyg V3y4
X3 | Y3 V2,
Vya
X4 Y4

3.Central Difference Table: The central difference operator is denoted by & and the

central Difference table is

X | Y | 8y |8y | &y | &Yy
Xo Yo
Oy
X1 | N1 3%y1
dyar 33yan
X2 | Y2 ) 3%y
Oysi2 33ysi2
X3 | Y3 3%y3
Oy
X4 | Y4

Symbolic Relations and Separation of symbols:
We will define more operators and symbols in addition to A, V and ¢ already

defined and establish difference formulae by Symbolic methods
Definition:- The averaging operator x is defined by the equation uy, = %[ym,2 + Y|

Definition:- The shift operator E is defined by the equation Ey, =, ,. This shows that the
effect of E is to shift the functional value y, to the next higher value vy, . A second
operation with E gives E’y, =E(Ey, )=E(Y,.,) =Y.

Generalizing E"y' =y, .
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Definition:-

Inverse operator E™ is definedas E™'y, =y, ,
Ingeneral E™"y, =y, ,

Definition :-

The operator D is defined as Dy(x) = ;—x ly(x)]

Relationship Between operators:
i) Relation between A and E
Proof: We have Ay, = y;1 — Yo

=Eyy —¥o = (E— Dy,
—A=E—1(0r)E=1+4A

i) V=1-E™
Pf. We have Vy, = y; — vy,
Vy, =y, —E7 'y,
Vy, =(1—-E Ny
vV=1-E*
|||) 5 = ElIZ _ E—l/2
Pf: We have 6y: = y; — yo
2
1 _1
= E2y1 —E 2y
2 2
1 _1
0yr = (Ez —E 2)y1
2 2
S=EY2_g
iV) U= E(Eﬂz + E—llz)
2
1
Pf. we have uy, =~ (v, 2t yr—é)
1,2 -2
wyr =5 (E2y, + E"2y;)
11 _1
uyr =2 (Ez + E"2)y,
11 _1
u= E (EZ + E 2)

v) 51+%52
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Pf: LHS=p? = E (Ei N E‘%)]Z

=S (E+E1+2)

=§[(E§—E‘§)2 +4 ]

= (82 +4)=RH.S

vi). Prove that A= 262 + & /1 + 282
Pf: Let R.H.S= §52 +6 /1 +§52

=286 +2 [14+-62]
2 4

=268 +Va+57]

= Lo[(E2 - E7) + J4 + (B2 = E72)2

1 1 1 1 _1
= 26[(Ez — E™2) + | (E2 + E2)?
1 1 1 1
=152 —E7)+ (E2 +E72)
2
1
=>6.2.F2
2
1
=6.E2
Z .
= (Ez—E z)_Ez
—E-1=A=RHS.

vii) Relation between the Operators D and E

2 3

Using Taylor’s series we have, y(x+h)=y(x)+hy'(x) +% yr(X)+—

This can be written in symbolic form

212 33
nyz{1+hD+h D +h D +————}
2! 3!

E=ehd

R/

X8 If f(x) is a polynomial of degree n and the values of x are equally spaced then

K/

A"f (x) is a constant
Note:

1. As A"f (x) is a constant, it follows that A"™*f (x)=0,A"?f (x)=0,
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2. The converse of above result is also true. That is, if A" f (x) is tabulated at equal

spaced intervals and is a constant, then the function f(x) is a polynomial of

degree n
3. A?f(x) = A(A(f(x))

Problems :
1.Evaluate

(i)Acosx

(ii)A%sin(px+q)

(i) A"e™*®

(iv). If the interval of difference is unity then prove that

Alx(x + D(x+2)(x+3) =4(x+ 1(x + 2)(x + 3))

Sol:  Let h be the interval of differencing

(i)Acosx =cos(x+h)—cosx

. ( h]. h
=-2SIin| X+— |sin—
2 2

(ii)Asin( px+q)=sin[ p(x+h)+q]-sin(px+q)
ph) . ph
=2 2 lsin ==
cos(px+q+ 5 jsm 5
:Zsinp—hsin(er px+q+p—hj
2 2 2
A%sin(px + q) = ZSin%A [sin [px +q+ % (m+ ph)”

. ph 2 1
= 23|n7 sin px+q+§(7z+ ph)

(iii) Aeax+b Y ea(x+h)+b - eax+b

— e(ax+b)(eah—1)
A2eax+b — A[A(eax+b)] — A[(eah — 1)(eax+b)]
— (eah _ 1)2A(eax+b)
— (eah _ 1)Zeax+b
Proceeding on, we get A" (e™**)=(e™ )
iv) Let f(x) =x(x+ 1D(x+2)(x + 3)
given h =1
we know that Af (x) = f(x + h) — f(x)
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Alx(x+ D(x+2)(x+3)] = (x+ D(x+2)(x + 3)(x + 4))
—x(x+ D(x+2)(x+3)
=+ 1Dx+2)(x+3)[x+4—x]
=4(x+ D(x+2)(x+3)
2.Find the missing term in the following data

X 0 1
1 3

2 3 4
9 - 81

y
Why this value is not equal to 3°* . Explain

Solution: Consider A*y, =0
= Yy —4y; + 6y, —4y; +y, =0
Substitute given values, we get
81-4y,+54-12+1=0=y,=31
From the given data we can conclude that the given function is y=3*. To find y,,

we have to assume that y is a polynomial function, which is not so. Thus we are not

getting y=3*=27
Equally Spaced : If the differences of x values are equal in the given data then it is called
equal spaced points otherwise it is called unequal spaced points

Newton’s Forward Interpolation Formula: Given the set of (n+ 1) values
(x0,¥0), (x1,¥1), — — —x,,,¥) of x and y. It is required to find a polynomial of n degree
Yn(X) such that y and yn(x) agree at the tabular points with x’s equidistant (i.e.) Xi = Xo+ih (i

=0, 1, 2.....n) then the Newton’s forward interpolation formula is given by

-1 -1)(p—-2
y = f(x) = yo +phy + EED A%y, + EEDED 3y oy

p(p-1)(p-2)-——- (p—(n—1))
+ ” Ay,

X—X
where p =
Note : this formula is used when value of x is located near beginning of tabular values

Problems :
1.Find the melting point of the alloy containing 54% of lead, using appropriate

interpolation formula
Percentage of lead(p)

Temperature (Q°c) | 205 | 225

DEPARTMENT OF HUMANITIES & SCIENCES | MRCET (EAMCET CODE: MLRD) 25

50 60 70 80
248 | 274




MATHEMATICS-II INTERPOLATION

Solution: The difference table is

X y A A? A®
50 205
T~ 20
\NA
60 225 3
\\A

23 0
70 248 3

26
80 274

Let temperature = f (x)

We have x = 54,x, =50,h =10 p = x_hxo = 0.4

By Newton’s forward interpolation formula

p(p-1) A2

f(X)=)’0+pAYO+T Yo +

p(p-1)(p-2)
E Ayt - - -

04(04 -1 04)(04—-1)04—-2

F(54) = 205 + 0.4(20) + 2 = D (3, ©DQ2-DO22D)
=205+8-0.36 =212.64. Melting point = 212.64

2. The population of a town in the decimal census was given below. Estimate the

population for the 1895

Year x 1891 1901 1911 1921 1931
Populationin

46 66 81 93 101
thousands

Solution: The forward difference table is

X y A A’ A® A
1891 46 \\20
e

1901 66 -5\‘

15 2\
1911 81 -3 3

12 -1
1921 93 -4

8
1931 101
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(0.4)((;.4 - —5) + (0.4 — 1)0:(0.4 —2)

46 + (0.4)(20) + (2)

given h = 10,x, = 1891,x = 1985 then p=2/5=04

By Newton’s forward interpolation formula

p(p+1)
f() =yo +pAy, + = — A%y, +
p(p+1)(p+2) A3

(0.4)(0.4-1)(0.4—2)(0.4-3)
3! (-3)

24

Yo + ————- f(1895) = +

=54.45 thousands

3. Find y (1.6) using Newton’s Forward difference formula from the table

y | 349 (482 |596 |65

Solution: The difference table is

X |y | Ay |Ay A’y
1 | 349

14| 482 | 133

1.8 | 596 | 1.14 :8'2(1) -1.41

22| 65 | 054 |

Letx = 1.6, %=1, h=1.4-1=0.4, p = == = %

Using Newton’s forward difference formula, we have
r(p+1) p(p+D(p+2)
fO) = yo+plyo + ——— A%, + T A®
35 357

£ (1.6) =3.49 + 3/2(1.33) + 2—22 (-0.81)+%(-1.41)

Yot ===~

= 4.9656

4.Find the cubic polynomial which takes the following values

X 0 1 2 3
Y=f(x) 1 2 1 10

Hence evaluate f(4).

Sol: The forward difference table is given by
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X y Ay Ay Ay
0 1
1
1 2 5
-1 12
2 1 10
9
3 10

P:X;O:X rh=1
h

Using newton’s forward interpolation formula, we get
X(x —1) Ay, + X(X=1)(x-2) Ay,
1.2 1.2.3

= 14x(1)+ @(-m W(m

Y=y0+§Ayo+

= 2x3-Tx?+6x+1
Which is the required polynomial.
To compute f(4), we take x,=3 , x=4

So that p=2X_Xn =1

Using Newton’s backward interpolation formula , we get
p(P+D) (2 , P(P+D(P+2) (5

Ya4= yatp Vy, + Viy, + Y

TPV 123 Vs

= 10+9+10+12

=41
Which is the same value as that obtained by substituting x=4 in the cubic polynomial 2x3-
7X2+6x+1.

Newton’s Backward Interpolation Formula: Given the set of (n+ 1) values
(x0,¥0), (x1,¥1), — = —x,,,y,) of x and y. It is required to find a polynomial of n degree
yn(X) such that y and yn(x) agree at the tabular points with x’s equidistant (i.e.) Xj = xo+ih (i
=0, 1, 2.....n) then the Newton’s backward interpolation formula is given by

p(p+1)
2!

p(p+1)————[p+(n-1)] vy
n!

yn(x):)In‘l'pvyn-l' VZYn"’ ———+ 0

X=X,

Where p=

Note : This formula is used when value of x is located near end of tabular values

Problems :
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1. The population of a town in the decimal census was given below. Estimate the
population for the 1925

Year X 1891 1901 1911 1921 1931
Population in
46 66 81 93 101
thousands

Solution : The backward difference table is

X y v vz V3 V4
1891 46

20
1901 66 -5

15 2
1911 81 -3 -3

/I

12 - -1
1921 93 4 d

8//v

//

1931 101

x—x, _ 1925-1931 _

given h = 10,x, = 1931,x = 1925 thenp = - n —-0.6
By Newton’s backward interpolation formula
p+1) p+1)...[p+(n-1)]
yn(x) = Yn +0Vyy +%VZYn + —+ PP TL? vnyo
—-0.6)(0.4
~ £(1925) = 101 + (-0.6)(8) + (2#(—4)
—-0.6)(0.4)(1.4 —0.6)(0.4)(1.4)(2.4
LE000HAD o C000HADRDH
6 24
=96.21

2.Find y(42) from the following data. Using Newton’s interpolation formula
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x 20 25 30 35 40 45
y 354 332 291 260 231 204

Solution: since x=42 is located near end of the tabular values therefore we use NBIF

the backward difference table is

X y A A? A3 A* A5
20 354

-22
25 332 -19

-41 29
30 291 10 -37

-31 -8 /V 45
35 260 2 /VS

-29 /v 0
40 231 - 2

/-27
45 204
X—%o

Givenx =42and x,, =45,h =5 ,thenp = =—-0.6

h
We know that NBIF

+1 +1)(p+2
Ya(X) = yy + pVy, + EE D y2y, o EEEDED g3y,

p(p+1)(p+2)(p+3) p(p+1)(p+2)(p+3)(p+4)
> Vy, + - Veyn

—0.6)(=0. (-=0.6)(—0.6+1)(—0.6+2)(—0.6+3)
( 06)(206+1)(2)+0: (8) +

y(42) = 204 + (=0.6)(—27) + C

(—0.6)(—0.6+1)(—0.6+2)(—0.6+3)(—0.6+4)
120 (45)

=234.44

Central Difference Interpolation: The middle part of the forward difference table is
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X y Ay A%y A’y A'y A’y
X,4 y—4

Ay, A%y,
X 4 Y.s

Ay, A%y, A%y, Ay, A%y,
X_ Yo,

Ay, A%y, Ay, Ay, A°y
X Y.

Ay, A%y, A%y, Ay, A%y,
Xo Yo

Ay, A%y, A%y, Ay, A%y,
X, Y,

Ay, A%y, A%y, Aty,
X, Y,

Ay, A%y, A%y,
X, Vs

Ay,
X, Vs

1.Gauss’s forward Interpolation Formula: Given the set of (n+ 1) values
(x0,¥0), (x1, 1), — — —x,,,y,) Of x and y. It is required to find a polynomial of n degree
yn(X) such that y and yn(x) agree at the tabular points with x’s equidistant (i.e.) Xj = xo+ih (i
=0, 1, 2.....n) then the Gauus Forward interpolation formula is given by

p(p-1) p(p-1(p+1) p(p-1)(p+1)(p-2)
Yn(x) = yo +PAYo + =A%y 1+ ———Ay_4 + . Ay, + ——-—

X=X
h

Note:- We observe from the difference table that

0

Where p =

AYy =Yy, A’y | =82y, A%y, =6°Y,,,A'y , =5, and so on. Accordingly the

formula (4) can be rewritten in the notation of central difft
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-1 +1)p(p-1
yp=[yo+p5y1,z+%5zyo+(p );(p )5%2

L(pY(p-Yp(P-2)
41

4yo +____]

2.Gauss’s Backward Interpolation formula: Given the set of (n+ 1) values
(x0,Y0), (X1, ¥1), — — =X, ) Of x and y. It is required to find a polynomial of n" degree
Yn(X) such that y and yn(x) agree at the tabular points with x’s equidistant (i.e.) xi = xo+ih
(i=0, 1, 2.....n) then the Gauus Backward interpolation formula is given by

r(p+1) plp+ -1 ,

T 31 A%y,

+1 -1 + 2
N plp+1D(p-Dp+2) Ay,
4!
Note: Gauss forward and Backward formulae used when x is located middle of the

A%y_; +

y=Yo+plAy_, +

tabular values
Problems :

1.Use Gauss Forward interpolation formula to find f(3. 3) from the following table
x 1 2 3 4 5

y =f(x) |15.30 15.10 15.00 14.50 14.00

Solution: the difference table is

X y Ay A%y A3y Aty

1 X2 153y
-0.2

2 X1 151y 0.1
-0.1 -0.5

3 Xo 15.0 yo\ -0.4 A%y_, ~_ 0.9A%y_,
-0.5 Ayo 0.4A3y_,

4 xq 145y, 0.0
-0.5

5 X2 140y,

X—Xo
h

We know that Gauss forward interpolation formula is

Given x=3.3, x0=3 ,h=1 hence p = =0.3

DEPARTMENT OF HUMANITIES & SCIENCES | MRCET (EAMCET CODE: MLRD) 32




MATHEMATICS-II INTERPOLATION

Y, =[Yo + P(AY,)+

L (p+1)(p-1) p(p-
41

2)(A“y72)+————] —(4)

=15+(0.3)(0.5)+ 2021 (—0.4) + EOED .4)4 BRELBDRED (9 g

=14.9
2. Find f (2.5) using following Table
X 1 2 3 4
y 1 8 27 64

Solution: The difference table is

X |y | Ay |Ay Ay
1 1
7
2 | 8 12
19
3 | 27 18 6
37
4 | 64
h=1
o X=X, _25-2_ .
h 1

Using Gauss Forward interpolation formula,
_8+(0.5)19+ (0-5);—0.5) 12)+ ©5-DOHLS5+D o

6
=15.625
3. Use Gauss forward interpolation formulae to find f(3.3) from the following
X 1 2 3 4 5
y 15.30 15.10 15.00 14.50 14.00
Solution:
X y Ay A%y A%y Aty
1 15.30
2 | 15.10 :8?8 0.10 0,50
3 15.00 _0'50 -0.40 0 '40 0.90
4 14.50 _0'50 0.00 '
5 14.00 '
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p-3373 o3
1

=15+ (0_3)(_0_5) +M24)(_07) + (0_3)(04) (_0'76) (1-3)

03)(07)(2:3)(13) (-0.9) =14.8604925 =14.9

24
4. Find f(2.36) from the following table
X: | 1.6 1.8 20 |22 |24 2.6
y: | 4.95 6.05 7.39 [9.03 | 11.02 |13.46
Solution:
X y A A2 A3 A* AS
1.6 4.95
11 0.24
1.8 6.05 134 0.06 .0.01
0.3 0.06
2.0 7.39 0.05 '
1.64 0.35
22 x5 |9.03yp —Ly 00—  ~to1— |90
1.99
0.45
2.4 11.02 5 44
2.6 13.46

X—Xo
h

=0.8

here we have x = 2.36 ,x, =22, h=0.2,p =

)+IO(Z'—-J-)Azy1+(|o+1)|o(|o—1)A3y

Yo :[yo + p(Ayo 31 -1

L(P+1)(p-1)p(P-2)
41
Substituting all above values in the formula then
f(2.36) =9.03 + (0.8)(1.99) +

(0.8)((2).8—1)(0_35)_'_ (0.8+1)(0é8)(0.8—1)(0. 1)+ (0.8+1)(0.8) (2(:8—1)(0-8‘2)(0.05)

(A*'Y,)+———1—(4)

=10.02

5. Find f(22) from the following table using Gauss forward formula
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x 20 25 30 35 40 45
y 354 332 291 260 231 204
Solution : the middle part of the difference table is
X y A A? A3 A* AS
20x, 354y,
\\-‘22 —
25 332 -19
-41 29
30 291 10 -37
-31 -8 45
35 260 2 8
-29 0
40 231 2
-27
45 204

X—Xo
h

Givenx =22 and x, =20 ,h =5, thenp = =04

The Gauss forward formula is
Yy = Yo + pAy,
= 354 + (0.4)(=22)
=345.2

6. Find by Gauss’s Backward interpolating formula the value of y at x=1936, using the
following table.
X 1901 1911 1921 1931 1941 1951

y 12 15 20 27 39 52

Solution: The difference table is
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X y Ay A%y A%y Aty A%y
1901 x3 12ys
3
1911 x, 15y-= 2
5 0
1921 x1  20ya 2 3
Ty 3y _-10A%y_;
1931 XO 27 yO 5 Azy_l 7A4y_2
12 -4
1941 x1 39 Y1 1
13
1951 x2 52y,
Given x=1936 and let xo =1931 and h=10 then p = "‘h"" =0.5
By Gauss backward interpolation formula we have
(p+Dp (p+ Dplp—1)
Y= Yo+ pAy+———A0% 30 Ay_,
+1 - 1D(p-2
L@ )p(p4' )(p —2) Ny, 4 ———

:27+(0-5)(7)+0.5)((;.5+1) (5) + (0.5)(1.2)(—0.5) 3) + (0.5)(1.5)(=0.5)(~1.5) (=7) +

24

(0.5)(1.5)(-0.5)(—1.5)(2.5) (_ 1 0)
120

=32.345

7. Using Gauss back ward difference formula, find y(8) from the following table

X 0 5 10 15 20 25
y 7 11 14 18 24 32
Solution: The difference table is
X y Ay A%y A3y Aty ASy
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O0X2 7Y
4
oX1 1lya -1
3 2
10x 14 yo/ T 1 7 \“-1
4 1 0
15x1 18 y: 2 -1
6 0
20 x2 24y, 2
8
25 X3 32ys3

X—Xo
h

Given x=8 and let xo =10 and h=5 then p = =-04

By Gauss backward interpolation formula we have

13 + Dplp—1
Yy =Yo+pAy_; + Gk g 2, ? A%y s + L )5,@ )A3y-z

n (p + 1)p(p4—' Dp-2) A4

+1)(-0.4-1)
- @ +

Yoot —

14+(0.4)(3)+(‘°'4)(2ﬂ (1) + oD C04

(-0.4)(—0.4+1)(—0.4—-1)(—0.4—-2)
24

(-1)=12.704

Lagrange’s Interpolation Formula: Let f(x) be continuous and differentiable (n+1)
times in the interval (a, b). Given the (n+1) points as(Xo, yo), (x1,y1), (X2, Y2).....
(Xn,yn) where values of x not necessarily be equally spaced then the interpolating polynomial
of degree ‘n’ say f(x) is given by
f(x)= (X=X ) (X=X, )eeeren(X=X;) f (%) + (X=X ) (X=X, ) (X=X, )
(Xo =X ) (Xo = X5 )cvvneene (X —X,)

(x—xo)(x—xl)(x—xz)........(x—xn)f(x )+ + (x=x0) (X=%1) reeem (x—xpn-1) f(x )
2 - n

(x2=x0)(X2=21) weeennn (x2=xn) T (en=x0) (X =X1) e (Xn—%n-1)

Note: This formula is used when values of x are unequally spaced and equally spaced

PROBLEMS
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1. Using Lagrange formula, calculate f (3) from the following table

x |0 1 2 4 5 6

f(x) 1 |14 |15 |5 |6 |19

Solution: Given xo =0, = 1,x, =2,x3 =4,x, =5,x5 =6

(%) =51 (%)=14 (%) =15 (%)=5f(x,)=6,f (x)=19

From Lagrange’s interpolation formula

X (X—Xi)(X—XZ)(X—X3)(X—X4)(X—X5) X

) =00 ) 1) o) () )
+ (X—XO)(X—XZ)(X—Xs)(X—X4)(X—X5)
Bem0) () (=) =) ) )
N (X =% ) (X=X ) (X=X ) (X=X, ) (X = %) (%)
(XZ—XO)(XZ—Xl)(Xz—XS)(XZ—X4)(X2—X5) ’

=E—Exl4+§x15+§x5—gx6+2x19
240 60 48 48 60 40

=0.05-4.2+11.25+3.75-1.8+0.95 =10
f(x)=10

2. Find f(3.5) using Lagrange method of 2™ and 3" order degree polynomials.
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x 1 2 3 4
fx) |1 2 9 28
Sol: By Lagrange’s interpolation formula For n=4 ,we have

f(X): ((X:Xi)(X_XZ)(X__Xs) f(Xo)"‘

| (35-2)(35-3)(35-4) .  (35-1)(35-3)(3.5-4)
~f(35)= 2314 (1)+ (2-1)(2=3)(2-4) (2)+
(3.5-1)(3.5—-2)(3.5—4) o (3.5—-1)(3.5—-2)(35—-3) (28)

B-1DB-2)(3-4) 4-1)4-2)4-3)
=0.0625+(-0.625)+8.4375+8.75

=16.625
x—2)(x—=—3)(x—4 x—1)kx—-—3)(x—4
Now F(x) =( )( 3 )( )(1)+( )( . )( )(2)
++ (x—l)(ZC_—ZZ))(x—4) (9) + (x—l)(x;Z)(x—S) (28)
x2—5x+6)(x—4 x2=3x+2)(x—4
=( —6)( )+(x2—4x+3)(x—4)+( _2)( )(9)
x2—-3x+2)(x-3
N ( 4 )( )(28)
x3 —9x2% 4+ 26x — 24 s 5 x3 —7x%*+14x -8
= > +x3—8x°+19x —12 + = 9
x3 —6x%2+11x—6
e (28)
[—x3 +9x% —26X+24+6X° —48X* +114x — 72 —27x> +189x> — 378X + 216 + 308X + 28x° —168X> —168]
- 6

_ 6x°—18x* +18x
- 6
.. £(35)=(35)"-3(3.5)" +3(3.5)=16.625

= f(x)=x*-3x"+3x

3. Find f (4) use Lagrange’s interpolation formulae.

DEPARTMENT OF HUMANITIES & SCIENCES | MRCET (EAMCET CODE: MLRD) 39




MATHEMATICS-II INTERPOLATION

X 0 |2 [3 |6
Y=f(x) | -4 |2 |14 |158

Soluiotn:
f(x)= (x=%,)(x=%;)(x=x,) - (x=%)(x=%5)(x=x,)
(0 =%) 00 =% ) (X =% ) 7 (% =%) (X = %5 ) (X, =%, )

(o) (x)(xmx) | (x=R)(xx)(x=%)
(% =%) (% =%) (% =%) 7 (% =) (X =%, ) (X = %)
Where x=4,x,=0,X,=2,%=3,X,=6
_(4-2)(4-3)(4-6)
T (2(3)(-)
(HAD(-2) . 4x2x(-2)
2(-1)(4) P seaeay M
1@
Te(@)E)
224+158 —4-18+224+158

-4
= ()42 20
9( )+ 9 9 9

Y, +

><(74)+

=40

4. The following are the measurements T made on curverecorded by the oscilograph
representing a change of current | due to a change in condn s of anelectric current
T[]12 |2 25 |3
| 11.36|0.58|0.34 | 0.2

Solution:
Since data is unequispaced, we use Lagrange’s interpolation
y— XXX X)) (X %) (X = Xp) (X X,)
(Xo _X1)(Xo _Xz)(xo_xs) ° (X1_X0)(X1_X2)(X1_ X3)
(X—XO)(X—Xl)(X— X3) + (X—XO)(X—Xl)(X— Xz)
(Xz _Xo)(xz _X1)(X2_X3) § (X3 _Xo)(xs _X1)(X3_X2)

Y1

Y;

_(1.6-1.2)A.6-2A.6-3) 4 54y, A.6-1.2)(A.6-250.6-3) g gg

YT Ad6_-12)A.6_2)1.6_23) (Z-1.2)(2_2.50.6_3)
1.6 -1.2)A.6-2)A.6-3) 5, A6-1.2)A.6 —2)A.6—2.5)
A.6_1.2)(1.6_2)(1.6_3) A.6-1.2)A.6_2)1.6_2.5)

=0.8947 .~ 1 =0.8947

5. Find the parabola passing through points (0,1), (1,3) and(3,55) using Lagrange’s
Interpolation Formula.

x |0 |13
y |1 |3 |55

Solution: Given Lagrange’s interpolation formula is
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— (X_Xl)(X_XZ) 4 (X_Xo)(x_xz) y
(Xo - X1)(Xo - Xz) " (X1 - Xo)(x1 - Xz) '
L (X=x)(x=x)
(Xz - Xo)(xz - X1)
_ (x=-D(x-3) N (x=0)(x-3) 3
0-1)(0-3) @1-0)1-3)
L (x=0)(x-1) (55)
3-03-1)
== [48x% — 36x + 6]
=8x% —6x+1

y

Y,

6. A Curve passes through the points (0,18),(1,10),(3,-18) and (6,90). Find the slope of
the curve at x = 2.

x |0 1 3 6
y |18 |10 |-18 |90
Solution: Given data is

Since data is unequispaced, we use Lagrange’s interpolation
(=X)L (X=X (X=X ) (- %,)
(Xo _X1)(Xo _Xz)(xo_xs) ’ (X1_X0)(X1_X2)(X1_ Xs)
L XX =X)(X=%5) o (X X) (X = %) (X=X,

(Xz _Xo)(xz _Xi)(xz_xs) i (X3_X0)(X3_X1)(X3_X2)

y:

1

3

_ (x=D(x-3)(x—6) 18+ (x—=0)(x—3)(x—6) 10
(0-1)(0-3)(0-6) (1-0)(1-3)(1-6)
L DX=6)_ o IX=D(X-3) o
(3-0)3-D(E-6) (6)(6-1)(6-3)
_ (x=D(x-3)(x-6) 18+ (x=0)(x-3)(x—6) 10
(0-1)(0-3)(0-6) (1-0)(1-3)(1-6)
L D=6) o (Ix-D(x-3) o
(3-0)3-1)(3-6) (6)(6-1)(6-3)
=2x%-10x°+18
dy

e 6x% — 20x

~ Slope of curve at x = 2 is 6(2)? — 20(2) = —16
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UNIT-II
NUMERICAL METHODS

Numerical Integration

Introduction :
The process of evaluating a definite integral from a set of tabulated values of the integrand
f(x), which is not known explicitly is called Numerical Integration.

Newton —Cote’s Quadrature Formula:

We want to find Definite integral form f; f(x)dx, where f(x ) is unknown explicitly,then
We replace f(x) with interpolating polynomial.

Here we replace with Newton Forward Interpolation formula

Divide the interval (a, b) into n sub intervals of width h so that
a=xo<x;1=Xg+h.....<x,=x,+h=>bThen

Y, (X) = Y, + PAY, +—p(2|—1) APYy e, P —1)(p—221..l....(p— (n-1)) A"y,

X—XO

Where p = hdp =dx atx=xy= p=0andx=x,=> p=n

b n — n .
“f FEdx = [20 0 dx=h [y, v pay, + BBD azy o )dp
_ n
X hfo (y0+ pAyo+—p(zl_l) APY A e )dp

:Tlh[ + DAy + M (2n=3)A%y + 1 (n—2)% A3 +]
Yo+ 5 AYo 12( VATY, 24( ) ATY,

This is Newton Cotes Quadrature Formula.
: : . . b
Derive Trapezoidal Rule for numerical integration of fa f(x)dx

. TRAPEZOIDAL RULE:

Sub n=1 in Newton Cotes Quadrature formula and taking the curve y = f(x) passing
through (x,, yo)and (x,,y,) as a straight line so that differences of order higher than first

become zero(i.e., A%, A3etc become zero) (n=number of intervals)
X h .
fxol f(x)dx = h[y, +%Ayo]:§ [Vo + Vileeeeoeoiiiiiiiiiein (1)

Similarly we get
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[ fGodx =2 [y; + y] et i)

Adding above we get

n h
f;; ydx :;[()’0 +y) +20n+ Yy + ———— + Y1)l

Xn

h
j ydx = 3 [(sum of the Ist & last oridinates) + 2(sum of the remaining ord.)]

X0

Geometrical interpretation of Trapezoidal Rule:

¥
ERROR
e " b x
x1 xk i

x0

Here trapezoidal rule denotes sum of areas of above trapeziums.
. . . . . b
Derive Simpson’s 1/3 Rule for numerical integration of fa f(x)dx

I1. Simpson’s 1/3 Rule (N=2)
sub n=2 in Newton Cotes Quadrature_Formula and taking the curve y = f(x) passing
through (x,, yo), (x1,y1) and (x,,y,) as a parabola so that differences of order higher than

second become zero( i.e., A3, A*etc become zero)
x 1

[of FQ)dx = 2hyo+ Ao+ 2 A% y,]

We know E = 1+A A

then [ fOdx =% [yo + 41 + ¥2 ]

Similarly  [* f(x) dx=2hly,+4y;+Y,]

and so on f;:‘_zf(x)dx =§[yn_2 + 4Yp_1+ Yn]
Adding

DEPARTMENT OF HUMANITIES & SCIENCES | ©@MRCET (EAMCET CODE: MLRD) =




MATHEMATICS - Il NUMERICAL METHODS

2o + ) +40n + Yot o Ynt) + 200 + Yt o+ Yno))]

[ ydx =

Xn

h
f ydx = 3 [(sum of the first and last oridinates) + 4(sum of the odd ordinates)

Xo
+ 2(sum of the remaining even ordinates)|
This is known as Simpson’s 1/ 3 Rule (or) Simply Simpson’s Rule. .
II1. Simpson’s 3 / 8 Rule

n 3h
[ol ydx = 2100 +¥0) + 301 + ¥z + 4+ Yst + Yn) + 20+ Yo+ o+ Ynos)]
Note: -
1. Trapezoidal Rule is applicable for any number of subintervals

2. Simpson’s 1/3 rule is applicable when the number of subintervals must be even
3. Simpson’s 3/8 rule is applicable when the number of subintervals must be multiple of 3

Compare Trapezoidal Rule and Simpson’s 1/3 rule

In trapezoidal rule we take n=1(no of subintervals) between every two points we are taking a
straight line(LINEAR) where as in simpsons rule n=2 means we are taking a parabola so
error is less compare to trapezoidalrule.

PROBLEMS

m sinx . . . .
1. Evaluate fo de by using trapezoidal and simpson’s 1/3 rules taking n=6

b_
soL:h=—2==
n 6

Here %=1 since lim 222=1
0 x-0 X
X 0 n 2m 3n i 5w T
6 6 6 6 6
sinx 0 0.5 0.866 1 0.866 0.5 0
Sinx/x 1 0.9549 0.8270 0.6366 0.4135 0.1910 0

i) Trapezoidal rule :

01 ﬁdx = Zﬁ [ (sum of first and last ordinates) + 2( sum of the remaining ordinates) ]

T

= Z [ (1+0) +2(0.827+0.4135+0.9549+0.6366+0.1910) ] = 1.8446

12

ii) Simpson’s 1/3 rule:
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f —dx— [(sum of the Ist & last oridinates) + 4(sum of the odd ordinates) +
2(sum of the remaining even ordinates)]

= —{(1+0)+2(0.827+0.4135)+4(0.9549+0.6366+0.1910)] = 1.852

2. Evaluate fol ﬁdx by using trapezoidal , simpson’s 1/3, Simpson’s 3/8 rules.
SOL: We want to use above 3 rules so take n=6
b-a

-0 _ 1
h:—:—:—
n 6 6

i) Trapezoidal rule :
f de == [ (sum of first and last ordinates) + 2( sum of the remaining ordinates) ]
=% [ (1+0.5) +2( 0.8571+0.5454+0.75+0.6+0.6666) ] = 0.69485
ii) Simpson’s 1/3 rule:
f :dx— [(sum of the first and last oridinates) + 4(sum of the odd ordinates) +
2(sum of the remaining even ordinates)]

= % [(1+0.5)+2(0.75+0.6)+4(0.8571+0.6666+0.5454)] = 0.6931

iii) Simpson’s 1/3 rule:

fo 7t

3. Evaluate | 45'2

3h
= ?[(}’0 + ¥ ) + 3+ Y, FYatystoo+ Yuo1) 203 Vet .+ Yno3)]

= %[(1+0.5)+2(0.6666)+3(0.8571+0.75+O.6+O.5454)] =0.6932

X 4 4.2 4.4 4.6 4.8 5 5.2
logx | 1.3863 | 1.4351 | 1.4816 | 1.5261 | 1.5686 | 1.6094 | 1.6487
Yo Y1 Y2 Y3 Y4 Ys Yo

SOL: Here h=4.2-4=0.2

i) Trapezoidal rule :

logx dx by using trapezoidal , simpson’s 1/3,Simpsons 3/8 rules from

ff'z logx dx :g[ (sum of first and last ordinates) + 2( sum of the remaining ordinates) ]

1/6

2/6

3/6

4/6

5/6

6/6

Yo

0.8571
Y1

0.75
V2

0.6666

V3

0.6
Vs

0.5454
Vs

0.5
Ve
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=22[(1.3863+1.6487)+2(1.4351+1.4816+1.5261+1.5686+1.6094)] = 1.8277
i1) Simpson’s 1/3 rule:
f —dX— [(sum of the first and last oridinates) + 4(sum of the odd ordinates) +
2(sum of the remaining even ordinates)]
=%[(1.3863+1.6487)+2(1.4816+1.5686)+4(1.4351+1.5261+1.6094)] =1.8279
iii) Simpson’s 3/8 rule:

3h
I —dx—— [((Vo +¥) + 30 + ¥ + ya + Vs+..+ Vuoy) + 2(y3 + Vet . + Yn—3)]

1+x

=E[(1.3863+1.6487)+2(1.5261)+3(1.4351+1.4816+1.5686+1.6094)] =1.8278

4. The velocity v (m/sec) of a particle at distance S(m) from a point on its path given by
following table

S |0 |10]{20|30|40|50 |60
v |47 |58 |64 |65|61|52]|38

Estimate the time taken to travel 60 meters by Simpsons 1/3 and 3/8 rules.

d
SOL: Letv = d_: be the velocity of particle at any time ‘t’

d . : D .
Then dt = 75 Integrating on both sides with limits 0 to 60

Thent = f060% ds

S |0 10 20 30 40 50 60
v |47 58 64 65 61 52 38
1/v | 0.0212 | 0.0172 | 0.0156 | 0.0153 | 0.0163 | 0.0192 | 0.0263

. 1
I) Simpson’s Erule:

(sum of the first and last oridinates)
f60 Lds= — +4(sum of the odd ordinates)
+2(sum of the remaining even ordinates)

= 13—0[(0.0212+0.0263)+2(0.0156+0.0163)+4(O.0172+O.0153+O.0192)]: 1.0603 sec
ii) Simpson’ S35 3 rule:
60
t=J, 1 ds= 22 [(yo +y) +3 + Y2t Y+ Vst Y1) 23 + Vet Yno3)]

:3,70[(0-0212+0-0263)+2(0.0153)+3(o.0172+o.0163+o.o192)]: 0.8857 sec
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5.Evaluate f:/z es"*dx correct to four decimals places by Simpsons 3/8rule

SOL: Here h==
12

X 0 n 2n 3 4 5n n
12 12 12 12 12 2
y |1 1.2954 1.6487 2.0281 2.3774 2.6272 2.718

. 3
Simpson’s 3 rule:

60 1 3h
t=J; - ds=3[o+y)+301+y2+ys+yst +yn-1) ++2(3 + yst+ .+ ¥n-3)]

= z—:[(1+2_718)+2(2.0281)+3(1.2954+1.6487+2.3774+2.6272)=3.1015

1

iy dx using Simpson’s 3/8 rule
+ X

1

6. Evaluate I
0

1

Ans.  Divide the interval into 6 sub intervals & tabulate the values of f(x;) = 2 88
follows
x; |0 |1/6 216 | 3/6 4/6 5/6 6/6
f(x;) |1 109729 1 0.90 | 0.80 |0.69231 | 0.59016 | 0.5
Here h=1/6

Using Simpson’s rule
1 3h
I=Jy=dx =2 [ +¥6) + 30 + 2 + Y4 +5) + 2y3]

1+x2

3
=386 [(1.0 4+ 0.50) + 3(0.9729 + 0.90 + 0.69231 + 0.59016) + 2(0.80)]

1
=1G (12.5662) = 0.785395 = 0.7854

1 . . i .
5 dx, taking 5 sub internals & by using Trapezoidal rule.

1
7. Find the value of I
0

1+ X
1
f(x)=——.,n=5,a=0,b=1
1+x
Sol: b 1-0
~h=2"2_ 20 o2
n 5

Construct a table of values of x;&y; = f(x;) as follows
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X; 0.0 0.2 0.4 0.6 0.8 1.0
Yi 1.00 0.961538 | 0.832069 | 0.735294 | 0.609755 | 0.50

Using Trapezoidal rule we get

1
I = ~[1+1x2 dx = 022 (1.0+0.50)+2(0.961538+0.832069 +0.735294 + 0. 609759)]
0

=0.783734
8. Find the area bounded by the curve f (x)=y and x-axis from x=7.47 to x=7.52

X; 1.47 7.48 7.49 7.50 7.51 7.52
Vi 1.93 1.95 1.98 2.01 2.03 2.06

Sol: - Here h=0.01
Area formed by the curve y = f (x) and x — axis from x=7.47t0 x=7.52 is

7.52
Area = I f (x)dx
7.47
Applying Trapezoidal rule we get

7.52

Area = j f( z—[(yo+y5)+2(yl+y2+y3+Y4)]

7.47

_9 01[(1 93+2.06)+2(1.95+1.98+2.01+2.03)

=0.0996

1
9.Find I x>dx with 5 sub intervals by Trapezoidal rule
0

Sol: - Here a=0,b=1Ln=5&y="f(x)=x’

The values of x & y are tabulated below

X 0.2 0.4 0.6 0.8 1
y 0.008 |0.064 |0.216 |0.512 1
By Trapezoidal rule

[()’0 +y,) + 201 + ¥y, + ¥3)]
07 [(0.008 + 1) + 2(0.064 + 0.216 + 0.512)]
=0.2592 = 0.26
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10. Evaluate ][‘t sin tdt using Trapezoidal rule
o

Sol:- Divide the interval (0, z) in to 6 parts each of width h :%

The values of f (t) =tsint are given below

t 0 /6 2716 | 37/6 | 4n16 5216 | «
f (t) =y |0 0.2618 | 0.9069 | 1.5708 |1.8138 | 1.309 |0
yO yl y2 y3 y4 y5 y6

By Trapezoidal rule
(. h
[tsintat =§[(y0 +¥6) F2(YiH Yo+ Vst Yat+Ys)]
0
= %[(o+o)+ 2(0.2618+0.9069+1.5708+1.8138+1.309) |
T
=—(11.7246
5 )

=3.0695 = 3.07

11. Find the value of i% by Simpson’s 1/3 rule. Hence obtain approx. value of log,2
T X

Sol:- Divide the interval (1,2) in to 8(even) parts each of width h=0.125

X 1 1.125 | 1.25 1.375 |15 1.625 | 1.75 1.875 |2
y= 1 1 0.8888 | 0.8 0.7272 | 0.6666 | 0.6153 | 0.5714 | 0.5333 | 0.5
A A Y Y, Y3 Y4 Vs Yo Y, Y

By Simpson’s 1/3 rule

2d h
Z =+ Ys) + 4 + Y3+ ¥s + ¥7) + 272 + Va + V6)]

1 x 3

- _0'1325 [(1+0.5)+4(0.8888 +0.7272 +0.6153+0.5333) + 2(0.8+ 0.6666 + 0.5714) |

0.125 0.125

=5 [15+11.0584+4.076] [16.6344] =0.6931

By actual integration,

2

ax_ [log x]i =log2—logl=log?2
X

1

Hence log 2 =0.6931, correct to four decimal places

12. A rocket is launched from the ground. Its acceleration is registered during the first
80 seconds and is given in the table below. Using Simpson’s 1/3 rule, find the velocity of

the rocket at t = 80 seconds
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t (sec) 0 |10 [20 [30 [40 |50 |60 |70 |80
f(cm/sec?) |30 | 3L63[33.34 3547 37.75 | 4033 43.25 | 46.69 | 50.67

L . ov
Sol:- We know that the rate of velocity is acceleration l.e., f = 7

.. Velocity of the rocket at t =80sec is given
v=["fdt
10
=3 [(304+50.67) + 4(31.63 + 35.47 + 40.33 + 46.69)2(33.34 + 37.75 + 43.25)]

= 2[80.67 + 616.48 + 228.68] =~ (925.83) =3086.1

13. A river is soft wide. The depth ‘d’ in feet at a distance x ft from one bank is given by

the table

X |0]10|20|30|40|50|60|70|80
y|0|4 |7 |9 |12(15|14 |8 |3

Find approximately the area of cross-section
Sol:- Here h=10,y,=0,y,=4,y,=7,¥,=9,y,=12,y. =15y, =14,y, =8& y, =3

. 80
Area of cross section = J‘ ydx

0

- h
Area FLOYo+¥e) +4(Ya+ Yo+ Y+ ¥7 ) +2(Yo + ¥a + ¥6) ]

=%[(0+3)+4(4+9+15+8)+2(7+12+14)]

= £[3+144+ 66]
3

=710sq. ft

14. Evaluate Tsin xdx by dividing the interval (0,z) in to 8 sub intervals & using
0

Simpson’s 1/3 rule

Sol: - Given a=0,b=7,n=8& f (x)=sinx

h=bza_z=0_ g
n 8

Tabulate the values of sinx as follows
x; |0 | #7/8 | xnl4 | 3x/8| n/2 | 57/8 | 6x/8 | 778 | 7
sinx; |0 [0.38 |0.71 |0.92 1 0.92 0.710 |0.38 0

Simpson’s 1/3 rule forn =8 is
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b
h
I :J- f (x)dx:g[(y0+yg)+4(yl+y3+y5+y7)+2(y2+y4+y6)]
T
:a[(0+O)+4(0.38+O.92+O.92+O.38)+2(0.71+1.0+0.71):|
=1.99

15. Find the area bounded by the curve y=e_% , X axis between x=0&x =3 by using

Simpson’s 3/8 rule

Sol:- Divide the interval (0,3) into 6 sub intervals - h = 3-0_os5

6

The values of y, =e™"? are tabulated as follows

x; |00[05 [10 |15 |20 |25 |30
y(x) | 1.0 [ 1.33 | 1.649 [ 3.080 | 7.389 |22.760 | 90.017

By Simpson’s 3/8 rule we get

R»—t

3h
= e*/2dx = 5 (00 + ) +301 + Y2 + 74 +y5) + 23]
0
- 3“;'5) [(1.00 + 90.017) + 3(1.33 + 1.649 + 7.389 + 22.760) + 2(3.080)]
= 36.8551
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Numerical solutions of ordinary differential equations

The important methods of solving ordinary differential equations of first order numerically

are as follows

1) Taylor’s series method
2) Euler’s method
3) Modified Euler’s method of successive approximations

4) Runge- Kutta method
To describe various numerical methods for the solution of ordinary differential equations, we
consider the general 1% order differential equation.

% = f(x,y)------- (1) with the initial condition y(xo)=Yo

The methods will yield the solution in one of the two forms:

i) A series for y in terms of powers of x, from which the values of y can be obtained by direct
substitution.

ii) A set of tabulated values of y corresponding to different values of x

The methods of Taylor belong to class (i)

The methods of Euler, Runge - Kutta method, belong to class (ii)

TAYLOR’S SERIES METHOD

To find the numerical solution of the differential equation dy _ ¢ (x,y) 2>(1)
dx Y

With the initial condition y(X,) =Y, > (2)

y(x) Can be expanded about the point X, in a Taylor’s series in powers of (X—X,) as

(x— xo) (x— xo)

y() = y(xo) + S50y (o) + EZy " () +. + E g () +.. - (3)

In equation (3), Y(x,) is known from initial condition equation. The remaining coefficients
Y (X ) Y (Xo)yeeenen y"(x,) etc are obtained by successively differentiating equation (1) and
evaluating at x,. Substituting these values in equation, Y(X)at any point can be calculated

from equation. Provided h=x-X, is small.

When X, =0, then Taylor’s series equation can be written as
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2 n

y(x) = y(0)+xy(0)+ LY(0) .. +%y”(0)+ ........ >(4)

Note: We know that the Taylor’s expansion of y(x) about the point xo in a power of

(X —Xo) is.

Y09 = yxa) + E2X) ) + g Y (rg) + & X°) Y (i) + .. S(1) O

(X X) (X_X0)2 yll+ (X_Xo)ay

T 1! 2! 3!

If we let X — Xo = h. (i.e. X = Xo + h = X1) we can write the Taylor’s series as

— — h ’ h? " h’® " h’ mr
Y(X)—Y(Xl)—yo+ﬁy T A e A TE A
H — h ’ h2 "y h " 4)
lLe.y1=Yo+ ﬁ)’o + o1 Yot —3|y0 2 yo + e >(2)

Similarly expanding y(x) in a Taylor’s series about x = x1, We will get.

Y2 = y1+1,y1 + 2 y1 + ;y’l” * y(14) ....... 9(3)

Similarly expanding y(x) in a Taylor’s series about x = x> We will get.
h m Bt (4

Ys=y2+1y2 ;J’z+3, Y2 Z)’é T+ 2>(4)

In general, Taylor’s expansion of y(x) at a point x= X, iS

— h _, h? " " (rv)
yn+1_yn+ﬁyn+iyn 3,yn 4!yn +

Merits and Demerits of Taylor series method:

In this method taking h very small and taking upto order h*terms we get less error but finding
derivatives may be complicate in some of the problems
PROBLEMS:

d
1. Solve d—i = Xy +1 and y(0) = 1 using Taylor’s series method and compute y(0.1).
G dy . _ _
SOL.:. Given that a 1=xyandy(0) =1
X

Here g—y =l+xyandyo=1, X% =0.
X
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Differentiating repeatedly w.r.t ‘x” and evaluating at xo =0

y'(X) =1 +xy, y'(0)=1+0(1)=1.
y' () =x.y" +y, y' (0) = 0+1=1
y"' ) =xy" +y' +y y'"" (0) = 0.(1) + 2(1) =2

The Taylor series for f(x) about Xo = 0 is

2 3

y(¥) = y(0) + x_y’ (0) + % ' (0) + %y (0)  (Neglecting higher order terms)

Substituting the values of y(0) , y’ (0), ¥y’ (0), ....

2 3

X X
X)=1l+x+—+ —(2
y(x) ;T 5@

2 X3

y(x)=1+x+x?+? >@)

Now put x = 0.1 inequ (1),

y(0.1)=1+0.1+

(0.1)° .\ (0.1)°
2 3

=1+ 0.1+0.005 + 0.000333 = 1.105
2. Solve the equation % = x—y? with the conditions y(0) = 1 and y’ (0) =1. Find y(0.2)
X
and y(0.4) using Taylor’s series method.

SOL.: Given that y'=x—y? y(0)=1Here y, =1, X, =0

Differentiating repeatedly w.r.t ‘x’ and evaluating at x=0

Y )=x-y",y 0 =0-y(0)" =0-1=-1
Y)=1-2y",y"(0)=1-2y0)y'©0)=1-2(-1) =3
ST =1-2p" -2(/Y,y @=-250)."0)-2.(’0)y =-6-2=-8

The Taylor’s series for f(x) about xo = 0 is
2 3

y(x) = y(0) + %y’ 0) + %y” 0) + %y”’ (0) (Neglecting higher order terms)
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Substituting the value of y (0), y’ (0), y" (0),.....

3 8
X)=1-x+=x2- =x3
y(x) > 5

y(X) = 1ox+3x- 2y >(1)
2 3
Now put x =0.1in (1)

_ 3124 3
y(0.1)=1-0.1+ > (0.2 + 3 (0.1)°=0.9138
Similarly put x=0.2in (1)

_ 3.4 3=
y(0.2)=1-0.2 +§ (0.2)" - 3 (0.2)° = 0.8516.

3. Tabulate y(0.1), y(0.2) and y(0.3) using Taylor’s series method given that y'= y?+ x

and y(0) = 1.
Sol: Giveny’' =y?+x .......... (1),
VO)= 1 oo, )

Here Xo =0,yo=1. Takeh=0.1thenx; =xo+ h=0.1, x2=0.2, x3=0.3

Differentiating (1) w.r.t ‘x’, we get

y'=2y.y' +1 >(3)
y"=2ly-y' + (')l >(4)
y®W =2ly-y" +y'y" +2y"y"1=2[y-y" +3y'y"] >(5)

Putxo = 0,y0= LN (1), (3), (4) and (5), we get
yo =(1)*+0=1

Yo =2(1) (1) +1=3,

yo' =2((1)(3) + (1)) =8

y§? = 2[(1)(®) + 3(1)(3)] = 34

Take h=0.1.

Stepl: By Taylor’s series expansion, we have
W3
3!

h h? " " h* i
Y(X1) =y1=Yo+ 4 ¥o + 5, Vo + 5 Vo +Zy(§"')+.... >(6)
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on substituting the values of yo, y' , y'’ etc in (6),we get

0. 1) (0 1)

y(0.1)=y1=1+(0.1)(1) + (3)+ (8) +

(0.1)?
2

=1+0.1+0.015+0.001333+0.000416 = y:=1.116749
Step2: Let us find y(0.2),we start with (x1,y1) as the starting values
Here x;=x,+h=0+0.1=0.1and y; = 1.116749
Putting these values in (1),(3),(4) and (5), we get

y; = yi+x1 = (1.116749)% + 0.1 = 1.3471283

yi =2y1y; +1=2(10116749) (1.3471283) + 1 = 4.0088
yi" = 2(yyy’ + (v1)?) = 2((1.116749) (4.0088) + (1.3471283)?] = 12.5831
—2y vy +6y1y, =2(1.116749) (12.5831) + 6(1.3471283) (4.0088) = 60.50653
By Taylor’s expansion

"r (lv

h_, Rk,
Y(XZ):}’z:yl+;)’1+Z)’1 3.3’1 4,}’1

Y(0.2)=y,=1.116749 + (0.1)(1.3471283)+ %D 1) (4.0088)+ (O 1) (12.5831)+ (01 (0 1>

(60.50653)

y2=1.116749 + 0.13471283 + 0.020044 + 0.002097 + 0.000252 = 1.27385
y(0.2) = 1.27385

Step3: Let us find y(0.3),we start with (x2,y2) as the starting value.

Here x,= x,;+ h=0.1+0.1 =0.2 and y, = 1.27385

Putting these values of x. and y in eq (1), (3), (4) and (5), we get

y5= Yi +x2=(1.27385)* + 0.2 = 1.82269

yy=2y,y} + 1= 2(1.27385) (1.82269) + 1 = 5.64366
yy'= 2[yayy + (¥4)?] = 2[(1.27385) (5.64366) + (1.82269)7]

=14.37835 + 6.64439 = 21.02274

n

®_

yP= 2y, + yy' + 6yhyy = 2(1.27385) (21.00274) + 6(1.82269) (5.64366)

=53.559635 + 61.719856 = 115.27949
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By Taylor’s expansion,

YOO) = ys=ye Heyy g Ly By

2 3 4
¥(0.3)=y5=1.27385+(0.1)(1.82269) + % (5.64366)+ % (21.02274)+ % (115.27949)

= 1.27385 + 0.182269 + 0.02821 + 0.0035037 + 0.00048033 = 1.48831
y(0.3) = 148831

4. Solve y'= x? —y, y(0) = 1 using Taylor’s series method and evaluate y(0.1),y(0.2),y(0.3)
and y(0.4) (correct to 4 decimal places)

Sol: Given y'=x2 -y ->(1) and y(0)=1 >(2)
Herexo=0,y0=1

Differentiating (1) w.r.t ‘x’, we get

y'=2x-y' > 0
yIII= 2_ yII 9 (4)
Y = -y > (5)

put xo =0, yo=1in (1),(3),(4) and (5), we get
Yo= X; -Yo=0-1=-1,
Yo=2%0-y=2(0)-(-1) =1
y§'= 295 = 2-1=1,
yM= =1 Take h=0.1
Stepl: by Taylor’s series expansion
YOa) =yi=yor typ oy + Ly By ()
On substituting the values of yo, yq , vy etc in (6), we get

. l)3

yon=y:=1+ 0. )+ S+ L+ & 1) (...

=1-0.1 + 0.005 + 0.01666 — 0.0000416+....
=0.905125 ~ 0.9051 (4 decimal place).

Step2: Let us find y(0.2) we start with (x1,y1) as the starting values
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Herex=%Xo+h=0+0.1=0.1and y; =0.905125,

Putting these values of x1 and y1 in (1), (3), (4) and (5), we get
y; = % -y1=(0.1)>-0.905125 = -0.895125

vy =2X1-y; =2(0.1) — (-0.895125) = 1.095125,

y,'=2-y;/ =2-1.095125 =0.904875,

y = Ly = .0,904875,

By Taylor’s series expansion,

h ! hz n nr
Y0R) =y, =yt myp iy g e Dy

(0. 1) (0. 1)

v(0.2)=y,=0.905125+(0.1)(-0.895125)+

(1.09125)+

(0.904875)+

(0.)° -
24

0.904875)+....

y(0.2) =y,=0.905125 — 0.0895125 + 0.00547562 + 0.000150812 — 0.00000377

=0.8212351 ~ 0.8212 (4 decimal places)

Step3: Let us find y(0.3), we start with (x2,y2) as the starting value

Here xo =x1 +h=0.1+ 0.1 =0.2 and y, =0.8212351

Putting these values of x2 and y2 in (1),(3),(4), and (5) we get

¥y = %2 -y, = (0.2)2 —0.8212351= 0.04 — 0.8212351 = - 0.7812351
Yy= 2% - ¥, =2(0.2) + (0.7812351) = 1.1812351,

yy'=2 - yy =2-1 1812351 = 0.818765,

y®P= -y =-0.818765,

By Taylor’s series expansion,

n

YO) =ys = yor By 4 Dyy + Ky g By

. 1)3

y(0.3)= y5 =0. 8212351+(0.1)(-0.7812351)+ %2 1) (1.1812351)+ D" (0 818765)+ (021) -

0.818765)+....

y(0.3) =y3 = 0. 8212351- 0.07812351+ 0.005906 + 0.000136 — 0.0000034
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=0.749150 ~ 0.7492 (4 decimal places)
Step4: Let us find y(0.4), we start with (x3,ys) as the starting value
Here x3 =x2 + h=0.2+ 0.1 = 0.3 and y3 = 0.749150
Putting these values of x3 and yz in (1),(3),(4), and (5) we get
y5 = x2 -ya = (0.3)2 - 0.749150= -0.65915,
y4=2xs - y4 = 2(0.3) + (0.65915) = 1.25915,
yy'=2- y§ =2—1.25915 = 0.74085,
y{”=-y§' =-0.74085,
By Taylor’s series expansion,

o — h h? h? nt_ (iv)
Y(x4) = ya=Yys+ ;Yé "‘;Yé’ +;y§” THTY3 T e

2 3
y(0.4)= y,=0.749150+(0.1)(-0.65915)+ (0'21) (1.25915)+ (0'61) (0.74085)+
4
O 074085)+...
24

y(0.4) =y, = 0.749150 — 0.065915+ 0.0062926+ 0.000123475 — 0.0000030

=0.6896514 ~ 0.6897 (4 decimal places)
5. Using Taylor’s expansion evaluate the integral of y'—2y =3¢*,y(0) =0, at
a) x = 0.1,0.2,0.3 b) Compare the numerical solution obtained with exact solution.
Sol: Given equation can be writtenas 2y +3e* =y’,y(0)=0
Differentiating repeatedly w.r.t to‘x” and evaluating at x=0

y'(x) =2y +3e*,y'(0) = 2y(0) +3e° = 2(0) + 3(1) =3
y"(x) =2y’ +3e*,y"(0) =2y'(0) +3e° =2(3) +3=9

Y"(X) = 2.y"(X) + 3¢, y"(0) = 2y"(0) +3¢° = 2(9) + 3= 21
yY(X) = 2.y"(x) +3e*, y"(0) = 2(21) + 3e° = 45

v (X) =2.y" +3e*,y'(0) = 2(45) +3e° =90+3=93

In general, y™(x)=2.y"™(x)+3e* or y™(0)=2.y™ (0)+3e°

The Taylor’s series expansion of Y(X) about x, =0 is
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2 3 4 5

y(x) = y(0) + xy'(0) + y”(0)+ ;v"(0) + y”’(O) +I oy 0+
Substituting the values of y(0), y'(0), y"(0), y"(0),..........

y(x)=O+3x+gx2+2—lx3+ﬁx4+£x5+

y(x) = 3x+9x Ly By Bls,
2 2 8 0
Now put x=0.1 in equation
y(0.1) =3(0.2) +g(0.1)2 +Z(0.l)3 +E(0.1)4 +£(0.1)5 =0.34869
2 2 8 40
Now put x=0.2 in equation
y(0.2) =3(0.2) +g(0.2)2 +Z(O.2)3 WLE(O.Z)4 + ﬂ(0.2)5 =0.811244
2 2 8 40
Now put x = 0.3 in equation(1)
y(0.3) =3(0.3) + % (0.3) +%(0.3)3 +%(0.3)4 + 2—3(0.3)5 =1.41657075

Analytical Solution:

The exact solution of the equation % =2y +3e* with y(0)=0 can be found as follows

dy —2y=3e" Thisisa lineariny.
dx
Here P=-2,Q=3¢"
|E :efp(x)dx — ef—Zxdx —p—2%
General solution is y.e?* = j3ex.e’zxdx+ c=-3e"+cC
s y=-3e*+ce”*Wherex=0,y=0 0=-3+c =c=3
The particular solution is y =3e** —3¢* or y(x)=3e* —3¢*

Put x =0.1in the above particular solution,

y =3.e°% —3e* =0.34869
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Similarly put x=0.2

y =3 —3e%? =0.811265

outx=0.3 y =3e"° -3¢’ =1.416577

6. Using Taylor’s series method, solve the equation % =x?+y? for x=0.4 given that
X

y=0whenx=0

Sol: Given equation is j—y:x2+y2 and y=0 when x=0 i.e. y(0)=0
X

Here y, =0, x, =0

Differentiating repeatedly w.r.t ‘x” and evaluating at x=0
y'(x)=x2+y%y'(0)=0+y2(0)=0+0=0

y"'(x)=2x+y".2y,y"(0) =2(0) +y'(0)2.y =0

y"(x)=2+2yy" +2y".y",y"(0) =2+ 2.y(0).y'(0) + 2.¥'(0)?> = 2

yWe) =2.yy" +2.y",y" +4.y".y,y'(0) =0

The Taylor’s series for f(x) about X, =0 is

X2 3 x4

y(x) = y(0)+xy’ (0)+ y"(0)+ Y"’(0)+ Y0+

Substituting the values of y(0), y'(0), y"(0),.....

3 3
y(x) =0+ x(0)+0+ % +0+........ = X? + (Higher order terms are neglected)

g y(0.4)=(0':) 0.064 _ 5 02133

7. Find y (0.1),y (0.2), z(0.1), z(0.2) given % =X+ y% =x-y® and y(0) =2, 2(0) =1by

Using Taylor’s series method
SOL: Giveny' =x+z,take xo =0, yo =2 ,h=0.1
We have to find y1 = y(0.1) and y. = y(0.2)

Now y' =x+z, y"=1+z', y""=2" ..o, (D
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Given z' = x-y?
take x,=0,2,=1,h=0.1
we have to find z:=z(0.1) and z2-2(0.2)

now z’ :X_y21 7! :1_2y. yl, ylll =.2 [y yl’ +(yl)2] .................................... 1)

By Taylor’s series for y 1 and z 1We have

2
h” "

3
y(x) = Yo+ hyo+ —-yg + % Yo (neglecting higher order terms)....(1)

nr

2 3
Z(X) = 2o+ hzy + % Zy+ %ZO (neglecting higher order terms)................... (2)

From (1) and (1), we get

y0=2 Z0=1

Yo'= xo + 2zo= 0+1=1 Zy' = Xo-Yo’ =-4
vy =1+zy=1+ Xo-Yo? =1+0-4= -3 : Zo" =1-2¥o. y,' =1-2(2)1=-3

yOIII=ZOII =3 ;Z0”,: '2[)/0.)/0" +(y0/)2] =10

Substituting these values in (1) and(2)

y1=y(0.1)= 2+(0.1)1+ 2% (-3) + 22(-3)=2.0845.

2:=2(0.1)= 1+(0.1)(-4)+ == (-3)+ —(10)=0.5867.

Similarly

By Taylor’s series for y»,z2> are

A h'z 144 h3 nr

yZ:yl + h_ yl + ; yl + ?yl .................... (3)
2 3

L=+ h zi vz vz 4)
Now we have
y1=2.01845; Z1= 1;
y; =X1+21=0.1+0.5867=0.6867 zi= X1-y12= -4.2451
y1'=1+z; =1+ X1-y1? = -3.2451 - z," =1-2y1.y,’ --1.8628
y,'=z," =-1.8628 22" =-2 [y yy; +(y1)?] = 12.5856

Substituting in (3) and (4).We get
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0.01 0.001

y>=y(0.2)= 2.0845+(0.1)(0.6867)+ “- (-3.2451) + “1(-1.8628)=2.1367.

0.01 0.001

2,=2(0.2)= 0.5867+(0.1)(-4.2451)+ *2* (-1.8628)+ *°(12.5856)=0.15497.

EULER’S METHOD:

It is the simplest one-step method and it is less accurate. Hence it has a limited application.
Consider the differential equation g_y =f(x,y) 2() With y(Xo0) =yo —=2(2)
X

Consider the first two terms of the Taylor’s expansion of y(x) at x = Xo

y(X) = y(Xo) + (X = Xo) ¥' (o) ~>@)
from equation (1) y'(Xo) = f(Xo,Y(X0)) = f(x0, ¥o)
Substituting in equation (3)

< Y(X) = Y(Xo) + (X = X0) f(xo, Yo) At X = X1, Y(X1) = Y(Xo) + (X1 — Xo) (%0, ¥0)

S y1=yot hf(xo,¥0) where h = X1 — Xo

Similarly at x =Xz, y,=y;+ hf(xy, 1) v 4
Error
. (1. ¥
Proceeding as above, Yn+1 = yn + h f(Xn,Yn) //'
(xo, M{
This is known as Euler’s Method = h
k]
From the fig, K
Tana=-£F = 2P2 - § x
adj h

Implies opp = h Tana

But Tana=slope at (xo,y,) = Z—z at(xg, yo)=f(xo, vo)

~opp=h f(xo, ¥o)

Hence yi1=yot+opp implies y;=y,+ hf(x,,y,) [NEGLECTING ERROR]

We remove that error by using EULER’S MODIFIED METHOD.
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PROBLEMS:

1. Using Euler’s method, solve for y at x =2 from j—y =3x% + 1,y(1) = 2,taking step size
X

(i) h = 0.5 and (ii) h=0.25

Sol:  Here f(x,y) =3x*+ 1, X =1y0=2

Euler’s algorithm is Yn+1 = Yn + h f(Xn,¥n), n=10,1,2.3,..... ->(1)
(H)h=05 S X1=Xo+h=1+405=15
Takingn=0in (1) , we have X2=X1+h=15+05=2

y1= Yo+ h f(Xo,¥0)

i.e.y1 =y(1.5) =2+ (0.5)f(1,2) =2+ (0.5) (3+ 1) =2+ (0.5)(4) =4
Herexi=xo+h=1+05=15

~y(15)=4=y;
Taking n=1in (1),we have

y2= Y1+ hf(xy,y1)

i.e. y(x2) = y2 =4 + (0.5) f(1.5,4) = 4 + (0.5)[3(1.5)? + 1] = 7.875
Herexa=x4+h=15+05=2

~y(2) = 7.875

(i) h=0.25 2X1=1.25, X2 = 1.50, X3 = 1.75, X4 = 2
Taking n=0in (1), we have

y1= Yo+ h f(xo,Yo)

ie.y(x1)=y1=2+(0.25)f(1,2) =2+ (0.25) (3+1) =3

y(X2) = y2=y1 + h f(x1,y1)

i.e. y(X2) = y2 = 3 + (0.25) f(1.25,3) = 3 + (0.25)[3(1.25)? + 1] = 5.42188

Here xo=x1+h=125+025=15
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“1y(1.5) = 5.42188

Taking n=2in (1), we have

i.e. Y(X3) = ys =y, + h f(X2,y2)
= 5.42188 + (0.25) f(1.5,5.42188)
= 5.42188 + (0.25) [3(1.5)? + 1]= 7.35938

Here x3s=x2+h=15+0.25=1.75

- y(1.75) =7. 35938

Taking n =4 in (1),we have

y(xa) = ya=ys + h f(xs,ys)

i.e. y(Xa) = ya = 7.35938 + (0.25) f(1.75,7.35938)
=7.35938 + (0.25)[3(1.75)2 + 1] = 9.90626

Note that the difference in values of y(2) in both cases (i.e. when h = 0.5 and when h =
0.25).The accuracy is improved significantly when h is reduced to 0.25 (Exact solution of the

equation is y = x3 + x and with this y(2) = y» = 10.

2. Solve by Euler’s method, y'(Xo) = x +y, y(0) = 1 and find y(0.3) taking step size h =
0.1. compare the result obtained by this method with the result obtained by analytical

solution

Sol: Here f(x,y) =x+y, Xo =0,yo=1

Euler’s algorithm is Yn+1 = Yn + h f(xn,yn), n=0,1,2,3,..... 2>(1)
Given h=0.5 S X1=Xo+h=0+0.1=0.1
Takingn=0in (1), we have X2=X1+h=0.1+0.1=0.2

Y1= Yo+ h f(Xo,Yo)
ie.yi=y(0.1) =1+ (0.1) f(0,1) = 1.1
~y(0.1) =11

Here xo=x1+h=0.1+0.1=0.2
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Taking n=1in (1),we have Y=Y + h f(X1,y1)
ie.y(x2) =y>=1.1+(0.1) f(0.1.1.1) =1.22

Similarly we get y3 = y(0.3) = 1.362

Analytical solution:

The exact solution of g_y =x+Y, Y(0)=1 can be found as follows.
X
The equation can be written as % —y=x
X

This is a linear equation in y [i.e, j_i+ p.y=0Q]

thenp=-1,Q=x. |L.F :e_fpdx _ ej(—l)dx _e
General solution is y . 1.F= [QXI.Fdx+c
y.e™= J'x.e’xdx+c

y.e”= - e*(x+1)+c. or y=-(x+1)+ce™
whenx=0,y=1ie 1=-(0+1)+corc=2
Hence the particular solution of the equation is

y =- (X+1) + 2¢* = 2e* - x -1.
Particular solution isy = 2e* — (x + 1)
Hence y(0.1) = 1.11034, y(0.2) = 1.3428, y(0.3) = 1.5997

We shall tabulate the result as follows

X 0 0.1 0.2 0.3
Euler y 1 1.1 1.22 1.362
Exacty 1 1.11034 1.3428 1.5997

The value of y deviate from the exact value as x increases. This indicate that the method is

not accurate
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3. Given y =x*—vy, y(0) =1 find correct to four decimal places the value of y (0,1),

by using Euler’s method.
Sol: Wehave f(x,y) =x?>—vy x,=0;y,=1and h=0.1
By Euler’s algorithm

Ynt1 = Yo + N (X, Yn) >(1)

.. From (1), for n = 0, we have

Y1 = Yo + h f(Xo,Yo) = 1+(0.1)f(0,1) = 1+0.1(0-1) = 0.9

#9,=0.9

4. Use Euler’s method of find y(0.1),y(0.2) given y' = (x3 + xyz)e’x, y(0)=1
Sol: Given y =(x’+xy*)e™,y(0)=1

Consider h=0.1

Here f(x,y) = (0C+xy?)e ™, Xo = 0, Yo = 1,x1=Xo+h=0.1,X2=x1+h=0.2
Euler’s algorithm is yn+1 = yn + h f(Xn,Yn) 2>(1)
. From (1), for n =0, we have
y1 = Yo + h f(X0,Yo) = Yo+h(xo3+x0y02)e ~¥0 = 1+(0.1)(0) =1
~y(0.1)=1
Again  X2=x1+h=0.2

From (1), for n =1, we have
y2 = y1 + h f(x1,y1) = ya+ h(x3+x,y,2)e %1

=1+ (0.1)[(0.1)% + (0.1)(1)?] = 1.0091

= (0.2) = 1.0091

5. Given that j—y = xy ,y(0) = 1 determine y(0.1),using Euler’s method.
X

Sol: The given differentiating equation is j—y: xy, y(0) =1
X

a=0, b=0.1

Here f(X,y) =xy,Xo=0and yo =1
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Since h is not given much better accuracy is obtained by breaking up the interval (0,0.1) in to

five steps.
iephzp=a_01_44
5
Euler’s algorithm is Yn+1 = Yn + h f(Xn,Yn) 2(1)

~.From (1) for n =0, we have

y1= Yo+ h f(Xo,Yo) = 1 + (0.02) f(0,1) = 1 + (0.02) (0) =1

Next we have X1 = X0+ h=0+ 0.02 =0.02

. From (1), for n =1, we have

Yo = Y1 + h f(X1,y1) = 1+ (0.02) f(0.02,1) =1+ (0.02) (0.02) = 1.0004
Next we have x2 = x1 + h=0.02 + 0.02 =0.04

.. From (1), for n = 2,we have

Y3 = Yo + h f(X2,y2) = 1.004 + (0.02) (0.04) (1.000) = 1.0012
Next we have x3 = X2 + h = 0.04 + 0.02 =0.06

.. From (1), for n = 3,we have

Y4 = Y3 + h f(x3,y3) = 1.0012 + (0.02) (0.06) (1.00012)= 1.0024.
Next we have x4 = X3 + h = 0.06 + 0.02 =0.08

.. From (1), for n = 4,we have

Vs = Ya + h (Xa,Y¥4) = 1.0024 + (0.02) (0.08) (1.00024)= 1.0040.
Next we have xs = X4 + h = 0.08 + 0.02 =0.1

When X = Xs, y=Vs

y =1.0040 when x =0.1

6. Given that g—y =3x% +y, y(0) = 4.Find y(0.25) and y(0.5) using Euler’s method
X

Sol: Given (;_y =3x?+vyand y(1) = 2.
X

Here f(x,y) =3x2+y, X0 = (1), Yo = 4

Consider h=0.25
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Euler’s algorithm is Yn+1 = Yn + h f(xn,yn) ->(1)
. From (1), for n =0, we have

y1=Yo+hf(Xoyo) =2+ (0.25)[0+4]=2+1=3
Next we have X1 =Xo + h=0+0.25=0.25

When X=X, y1~Yy

-y =3whenx=0.25

.. From (1), for n =1, we have

Y2 =y1 + h f(X1,y1) = 3 + (0.25)[3.(0.25) + 3] = 3.7968
Next we have X2 =x1 +h=0.25+0.25=0.5

When x =Xz, y ~ yo_..y = 3.7968 when x = 0.5.

MODIFIED EULER’S METHOD

From fig
T 4 Parallel
Avg slope = parallel line slope Slope 2= f(z1, ™)
(21, 71) Average slope
| Slope 1=fx,
_f(x0,y0)+f(xLys) (wa//:’/ e 1= o, )
a 2 ——— (1"
h
Hence
ki W
0)_
y1 = Yot hf(xo, ¥o)
@) _.,  fx0y0)+f(x1,y ) o h "

Y, =Yo

(n)
yl(n+1) =yt f(xo,y0)+2f(X1,y1" )

Continue till any two consecutive iterations nearly same upto three or four decimal places.
Tofind y,, ys.....

The formula is given by 3’15,21 =y, +

h/2 [f(xk,yk) + f(xkﬂ,ylg_ll))] ,Jdi=12...andk=0,1....
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Working rule for Modified Euler’s method

YI§21 = yx +h/2 [f(xk:yk) +f (xk+1: 3’15?1”)] i=12...and k =0,1......

if) When i=1 y°_, can be calculated from Euler’s method

To find y (x4) = y1at X = X1 = Xo+h

Now take k=0 in modified Euler’s method

...... We get y,V =y, +h/2[f (X0, Yo )+ f (xiyl("l))] A3)
Taking i=1, 2, 3...k+1 in eqgn (3), we get
yéo) =y, + h[f(xy,y0)] (By Euler’s method)

v, =y, +h/2|: f (% ¥o)+ T (%, yl(o))]

y1(2) =Y, +h/2|:f (Xo: y0)+ f (Xi’ yl(l)):|

Y = Yo +h172] £ (%, ¥0)+ (%, )

k+1)

If two successive values of y,*), v are sufficiently close to one another, we will take the

common value ........... asy, =y(x,) = y(x; +h)

Now we have % = f(x,y)withy = y; at x = x; to get y, = y(x,) = y(x; + h)
Now we have % =f(x,y) with y=y, at x=x To get y,=y(x,)=y(x; + h)

We use the above procedure again

PROBLEMS

1. Using modified Euler’s method find the approximate value of x when x=0.3

given that dy/dx=x+y and y(0)=1

sol: Given dy/dx=x+y and y(0)=1
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Here f(X,y)=x+Y,% =0, and y, =1

Take h = 0.1 which is sufficiently small

Here x, =0,x, =X, +h=0.1,x,=x+h=0.2,x,=x,+h=0.3
The formula for modified Euler’s method is given by

Veu' =y, +h/ 2[ f(x +y)+f (xk+1, yk+l(i’1))] —(1)
Stepl: To find y1= y(x1) =y (0.1)

Taking k =0 in eqn(1)

N =yo+2 [f(xo +yo) + f(xl,yfi_l))] = (2)

. . h
when i=1 ineqgn (2) y1(1) =Yot3 [f(xo +yo) + f(xp}’l(o))]

First apply Euler’s method to calculate y1(0) =y1

V@ =y, +h f (%, ¥)
= 1+(0.1)f(0,1)=1+(0.1)(0+1)
=1+(0.1) = 1.10
Now [xq = 0,y, = 1,x, = 0.1,y,(0) = 1.10]

C v = ¥ +0.2/2) F (%, Yo)+ T (X0 V@) ]
= 1+0.1/2[f(0,1) + f(0.1,1.10)
=1+0.1/2[(0+1)+(0.1+1.10)]= 1.11

When i=2 in egn (2)
v, =y, +h/2[f (X, Yo )+ f (x1 yl(l))]

= 1+0.1/2[f(0.1)+f(0.1,1.11)]
= 1+ 0.1/2[(0+1)+(0.1+1.11)]= 1.1105

y,® = y0+h/2[f (% ¥o)+ f (xl,yf))]

= 1+0.1/2[f(0,1)+f(0.1 , 1.1105)]
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= 1+0.1/2[(0+1)+(0.1+1.1105)] = 1.1105
Since y,? =y,®

- y1=1.1105
Step:2  To find y2 = y(x2) = y(0.2)
Taking k =1 ineqn (1) , we get
v, 0 =y, + hlz[ f (%) + F (% y2<ifl>)] —>(3) where  i=1234,....
Fori=1
v, =y, + h/2[ f(x,y,)+f (xz, yz(o))}
yz(o) is to be calculate from Euler’s method

yz(O) =Y +h f (le yl)
=1.1105 + (0.1) f(0.1, 1.1105)
= 1.1105+(0.1)[0.1+1.1105]= 1.2316

w oyt = 1.1105+0.1/ 2 (0.1,1.1105) + f (0.2,1.2316)
= 1.1105 +0.1/2[0.1+1.1105+0.2+1.2316]= 1.2426
@ =y +h/2| f +f(%y,"
Y, =% (% Y1) .Yz

= 1.1105 + 0.1/2[f(0.1 , 1.1105) , f(0.2 . 1.2426)]
= 1.1105 + 0.1/2[1.2105 + 1.4426]

= 1.1105 + 0.1(1.3266)= 1.2432
V¥ =y 012 £ (g, y)+ (7))

= 1.1105+0.1/2[f(0.1,1.1105)+f(0.2 , 1.2432)]

= 1.1105+0.1/2[1.2105+1.4432)]
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=1.1105 + 0.1(1.3268) = 1.2432
Since v, =y,®
Hence y, = 1.2432
Step:3 To find y3 = y(x3) =y y(0.3)

Taking k =2 in egn (1) we get

y,0 =y, +h/2[f (%, Y, )+ f (x3 y3(i‘1))] —(4)

For i=1, yg(l) =Y, +h/2[f (Xz’y2)+ f <X3’y3(0))}

ys(o) is to be evaluated from Euler’s method .

Vo =y, +h f(%,,Y,)
= 1.2432 +(0.1) (0.2 , 1.2432)

= 1.2432+(0.1)(1.4432) = 1.3875
L y,Y = 1.2432+ 22 [f(0.2, 1.2432)+(0.3, 1.3875)]

= 1.2432 + 0.1/2[1.4432+1.6875]

= 1.2432+0.1(1.5654) = 1.3997
@ =y, +h/2| f(%,y,)+ f(x,y"
Y2 =Y, (%0 Y2 )+ T (%51 ¥s

= 1.2432+0.1/2[1.4432+(0.3+1.3997)]

= 1.2432+ (0.1) (1.575) = 1.4003
=y, +h/2| f f ®
Y3 Y, + (Xziyz)"' X531 Y3

= 1.2432+0.1/2[f(0.2 , 1.2432)+f(0.3 , 1.4003)]
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=1.2432 + 0.1(1.5718) = 1.4004

v —y, +h/2[ f (% Y,)+ f (XS’VB(S))}

=1.2432 + 0.1/2[1.4432+1.7004]

= 1.2432+(0.1)(1.5718) = 1.4004
Since y,® =y,
Hence y, =1.4004

. The value of y at x = 0.3 is 1.4004

2. Using Modified Euler’s method find y(0.2 ) y(0.4 )with h=0.2,given that Z—i=x + siny,

y(0)=1
SOL: f(x,y) =x+siny x,=0;y,=1and h=0.2
Here x, =0,x, =X, +h=0.1,x,=x +h=0.2,x,=x,+h=0.3

X1=Xo+h=0.2; Xo=X1+h=0.4

The formula for modified Euler’s method is given by

Yk+1(i) =Y +h/ 2|: f (Xk * Y )+ f (Xk+1v Yk+1(iil) )] - (1)

Stepl: To find y1= y(x1) = y (0.2)

Euler’s modified method is given by
yl(l) =1y, +h/2 [f(xo,yo) + f(xl,yl(o))] (k=0 , i=1)
First apply Euler’s method to calculate yl(o) =y1

yl(O) =Y +hf (Xo’ yo)
= 1+(0.2)f(0,1)=1+(0.2)(0+sin)

=1.163

Now [z = 0,y = 1,2, = 02,5 = 1.163]

y™M = 1+0.2/2[f(0,1) + (0.2,1.163)
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= 1+0.1/2[1+1.163]
=1.1916
When i=2 in eqn (2)
B = Yo+ 072 £ (% ¥0)+ f (30 %,”) |

= 1+0.2/2[f(0.1)+f(0.2,1.1916)]

=1.2038

y® = y0+h/2|:f (%, o)+ (,, yl(z))]

= 1+0.2/2[f(0,1)+f(0.2 , 1.2038)]

=1.2045
Since y,? =y,®
S y1=1.204
Step:2  To find y2 = y(x2) = y(0.4)
Taking k=1 ineqgn (1), we get

v, =y ¢ h/z[f (%, ¥2)+ T (% y2<i—1>)] —>(3) where i=1234,...

Fori=1, y,® = y1+h/2[f (%, y,)+f (Xz’ YZ(O)):|
yz(o) is to be calculate from Euler’s method

yz(o) =Y+ h f (X17 yl)
=1.204 + (0.2) f(0.2 , 1.204)

=1.4313

y Y =1.204 +0.1[1.1337+1.4313]

=1.4611

VD =yl 2] (6, y)+ f (xy,7)]
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= 1.204 + 0.1/2[f(0.2 , 1.204) , (0.4 . 1.416)

=1.462

yz(g) =Y, +h/2[f (X1’ y1)+ f (Xzyz(Z))]
= 1.204+0.1/2[f(0.2,1.204)+f(0.4 , 1.462)] = 1.464

Since y,¥ =y,
Hence y> = 1.46
3. Using modified Euler’s method find the approximate value of x when x=0.3
given that % =x—yandy(0) =1
Sol: Given g =x—yandy(0) =1
Here f(X,y) = x -y, xo=0and yo =1
Take h=0.1
Here X, =0,x, =X, +h=0.1x, =% +h=02,%=x,+h=0.3
Stepl: To find y1= y(x1) = y (0.1)
First apply Euler’s method to calculate yl(o) =1
V. = Yo +h f (%, Yo)

=1+(0.1)(0-1)

=1-(0.1)

=09
Now [xtg = 0,55 = 1,2, = 01,5 = 0.9]
3’1(1) =Yo+h/2 [f(xo'YO) + f(xl'yl(O))]

=1+0.1/2[-1- 0.8]

=1-0.09

=091
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yl(z) =Yo +h/2[f (Xo: Yo )+ f (val(l)ﬂ

= 1+0.1/2[-1 + (0.1-0.91)]
= 1+0.1/2[-1.81]

= 1-0.0905

= 0.9095

W = Yo+ 012 £ (3, ¥0)+ F (%7

= 1+0.1/2[-1+(0.1-0.9095)]
= 1+0.1/2[-1.8095]
= 1-0.090475

=0.909525
Since y,? =y,

- y1=0.9095
Step:2  To find y2 = y(x2) = y(0.2)

y,%is to be calculate from Euler’s method

yz(O) =Y, t+ h f (X1s yl)
= 0.9095+(0.1)(-0.8095)

=0.82855

V¥ =i+ 2 £ 00v)+ T (%0 .7) ]

= 0.9095+0.1/2[-0.8095-0.62855]
=0.9095-0.0719
=0.8376

v =y 012 £ (g, 3)+ f (305, |
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= 0.9095+0.1/2[-0.8095-0.6376]
= 0.9095-0.075355

=0.837145

V¥ =y +h12] £ (%, 5)+ £ (.7

= 0.9095+0.1/2[-10446645]
= 0.9095-0.07233

=0.83716
Since y,% =y,
Hence y,» = 0.8371
Step:3 To find y3 = y(x3) = y(0.3)
y3(°) is to be evaluated from Euler’s method
V.0 =y, +h f (%,,Y,)
=0.8371+0.1(-0.6371) = 0.7734
yo—y, +h/2[f (%, ¥,)+ (%, y3<o>)]

= 0.8371+ 0.1/2[-0.6371-0.4734]

=0.8371-0.0555 = 0.7816
@ _y +nh/2| f f @
Y3 Y, + (X21y2)+ X3 Y3

= 0.8371+ 0.1/2[-1.1187]

=0.8371-0.056 = 0.7811
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y3(3) =Y, +h/2[ f (Xz, y2)+ f (X3’ y3(2)):|

= 0.8371+ 0.1/2[-1.1182]

=0.8371-0.05591 =0.7812
v =y, +h/2[ f(%,Y,)+f (xa, yﬁ)}

=0.8371-0.0559 = 0.7812
Since y,® =y,
Hence ys = 0.7812

The value of y at x=0.3is 0.7812

Runge-Kutta Methods

|.First order R-K Method
EULER’S METHOD is the R-K method of the first order.
I1. Second order R-K Method
1
Vir1 = Yit 5 (K1tKy),
Where K1 = h (x;, Vi)
K2 = h (xi+h, yi+ki)
For i=0,1,2-------
NOTE:EULER’S MODIFIED METHOD IS R-K METHOD OF SECOND ORDER

I11. Third order R-K Formula
Yir = Vit = (KitdKat K),

Where K1 = h (Xi, Vi)
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K2 = h (Xith/2, yo+ki/2)
Ks = h (xith, yi+2k>-k1) For i= 0,1,2------
IV. Fourth order R-K Formula
Yirt = yit = (Kit2Ka+ 2Ks +Kq),
Where K1 = h (xi, Vi)
Kz = h (xi+h/2, yi+ki/2)
Ks = h (xi+h/2, yi+ka/2)
Ks = h (xit+h, yi+ks)
Fori=0,1,2------
> Advantages of Runge kutta method Over Taylor series method.

In RK METHOD no need to find derivatives where as we find derivatives in taylors
method. Sometimes it may be complicate to find derivative of some function, sowe go for RK

Method at that time.

PROBLEMS:

1. solve % =Xy using R-K method for x=0.2,0.4 given y(0) =1, y (0)-0 taking h=0.2

SOL: Given g—i:xy ; y(0)=1.

Here f(X,y) = Xy ,Xo =0, yo=1and h=0.2

X1 = Xo+th =0+0.2 =0.2., X2 = x;+h =0.2+0.2 = 0.4

By 4" order R-K method, we have
V1= YO+% (K1+2ko+2ks+Ka)

Where ki=h f(Xo,Y0)=(0.2)f(0,1)= 0

DEPARTMENT OF HUMANITIES & SCIENCES | ©@MRCET (EAMCET CODE: MLRD) &




MATHEMATICS - Il NUMERICAL METHODS

ko= h f (xo+2, Yo+2) = (0:2)[£(0.1, )] = (02)(0.1) = 0.02
h k,

ks= h f((xo+,yo+-3)=(0.2)f (0.1,1.01) = 0.202

Ka= h f(Xo+h,yo+ks)=(0.2)f(0.2,1.202)=0.04808

Hence y1=1+ = (0+0.04808+2(0.02+0.202)=1.08201

Step2: To find y(0.4)= >

Here x1=10.2, y1=1.08201 and h =0.2

Again by 4" order R-K method, we have
Y2 = yut = (Kut2kot2kstks)

Where ki=h f(x1,y1)=(0.2)[f(0.2,1.08201)] =0.04328

ko= hf (x1+§, y1+%):0.2(f(0.3,1.10364)=0.0662

k3:hf(x1+§, y1+%):(0.2)[f(0.3,1.1151)] =0.0669
K4 =h f(x1+h,y1+k3)=(0.2)[f(0.4,1.1489)]=0.0919

y2=1.082+ : (0.04328+0.0919+2(0.0662+0.0669)=1.14889

2. Solve the following using R-K fourth method y =y —X, y(0) = 2,h = 0.2 Find y(0.2).

SOL.: Given %z y—Xx; y(0)=2

Here f(X,y) = y-x , X0 =0, Yyo=2and h=0.2
X1 = Xo+h =0+0.2 =0.2.

By 4" order R-K method, we have

y1= Yot= (Kut2ka+2kstke)

Where ki=h f(xo,y0)=(0.2)f(0,2)= 0.2(0.2-0)=0.4
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ko=hf (xo+§, yo+%)

=(0.2)[£(0.1,2.2)] = (0.2)(2.2 — 0.1) = 0.42
ke= h f{(Xo+2yo+2)

=(0.2)f (0.1,2.21)=0.2(2.21-0.1)= 0.422
Ka= h f(xo+h,yo+ks)

=(0.2)f(0.2,2.422)=0.4444
Hence y1=2+ = [0.4+0.4444+2(0.42+0.422)]
« y(0.2)=2.4214

3. Using Runge-Kutta method of second order, find y(2.5)from g_i =Xty y(2)=2,

X

taking h=0.25.

Sol: Given dy _ X+y,y(2)=2.
dx X

Here f(x, y) = X*+y ,Xo=2,Yo=2and h=0.25
X

S0 X1 = Xoth =2+0.25 = 2.25, Xo = x1+h =2.25+0.25=2.5
By R-K method of second order,

Vier =Y+ 1/2(ky + ko), kg = hf (x, ),k = hf O + by + kq),i = 0,1... — (1)
Step -1:- To find y(x1)i.e y(2.25) by second order R - K method taking i=0 in egn(i)

We have y, =y, +%(kl +k,)

Where ki= hf (Xo,Yo ), ko= hf (Xo+h,yo+k1)
f (xo,Y0 )=F(2,2)=2+2/2=2

ki=hf (Xo,y0 )=0.25(2)=0.5
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k2= hf (Xo+h,yo+k1)=(0.25)f(2.25,2.5)
=(0.25)(2.25+2.5/2.25)=0.528

- y1=y(2.25)=2+1/2(0.5+0.528)=2.514

Step2:

To find y(x2) i.e., y(2.5)

i=1in (1)

x1=2.25,y1=2.514,and h=0.25

y2=y1+1/2(kit+kz)

where ki=h f((x1,y1 )=(0.25)f(2.25,2.514)
=(0.25)[2.25+2.514/2.25]=0.5293

ky = hf(xq + h,y; + k)

=(0.25)[2.5+2.514+0.5293/2.5]=0.55433
y, =y (2.5)=2.514+1/2(0.5293+0.55433)=3.0558
-y =3.0558 when x = 2.5

4. Obtain the values of y at x=0.1,0.2 using R-K method of

(i)second order (ii)third order (iii)fourth order for the differential equation y'+y =0,
y(0)=1

Sol: Given Z—z: -y, y(0)=1

f(x,y) =-y, %0=0, yo=1
Here f(x,y) =-y, X0=0, yo=1take h=0.1

S X1=Xo+h=0.1, xo=x1+h=0.2

DEPARTMENT OF HUMANITIES & SCIENCES | ©@MRCET (EAMCET CODE: MLRD) e




MATHEMATICS - Il NUMERICAL METHODS

Second order:

stepl: To find y(x1) i.e y(0.1) or y1

by second-order R-K method,we have

yi=Yo+ % (kitk2)

where ki=hf(xo,y0)=(0.1) f(0,1) = (0.1)(-1)=- 0.1

ko= hf (Xo+h, yot+ki)=(0.1) f (0.1, 1-0.1) = (0.1)(-0.9) = -0.09
y1:y(0.1):1+§ (-0.1-0.09)=1-0.095=0.905

.y =0.905 when x=0.1

Step2:

To find y2 i.e y(x2) i.e y(0.2)

Here x1=10.1, y1=0.905 and h=0.1

By second-order R-K method, we have

Y2 = y(xo)= yu+ 7 (kutkr)

Where k =h f(x,y,)=(0.1)f(0.1,0.905)=(0.1)(-0.905)=-0.0905
k,=h f(x+h,y, +k)=(0.1) f (0.2,0.905-0.0905)

=(0.1) f (0.2,0.8145) = (0.1)(—0.8145)
=—0.08145

y2= y(0.2)=0.905+ % (-0.0905-0.08145)

= 0.905- 0.085975 = 0819025
(i) Third order

Stepl: To find y1 i.e y(x1)= y(0.1)
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By Third order Runge - Kutta method
Yi= Yo+ 3 (ky + 4kz + k3)
where ki = h f(xo, yo) = (0.1) £ (0,1) = (0.1) (-1) =-0.1

k,=hf(x+h/2,y,+k /2)=(0.1)f(0.1/2,1-0.1/2)=(0.1) f (0.05,0.95)
(0.1)(~0.95) = —0.095

and ks = h f((xo+h,yo+2kz-K1)
=(0.1)[f (0.1,1 + 2(—0.095) + 0.1)] = -0.905
Hence y1 = 1+ % (-0.1+4(-0.095)-0.09) = 1+1/6 (-0.57) = 0.905
y1=0.905 i.e y(0.1)= 0.905
Step2: To find yz,i.e y(x2)= y(0.2)
Here x1=0.1,y1=0.905 and h=0.1
Again by 3" order R-K method
yo= yi+ ¢ (ki+akatko)
Where ki=h f(x1, y1) = (0.2)f (0.1,0.905)= -0.0905
ko= h f (xo+h/2,y1+k1/2)=(0.1)f(0.1+0.05,0.905 - 0.04525)= (0.1) f (0.15, 0.85975)
= (0.1) (-0.85975)= -0.085975
ka = h f((X1+h,y1+2ko-k1)=(0.1)f(0.2,0.905+2(0.085975)+0.0905= -0.082355
y2= 0.905+ % (-0.0905+4(-0.085975)-0.082355)=0.818874
-y =0.905 when x = 0.1 and y =0.818874 when x =0.2
iii) Fourth order:

stepl: xo=0,y0=1,h=0.1 To find yi i.e y(x1)=y(0.1)
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By 4'" order R-K method, we have

y1= Yo+ = (Kit2ko+2Katke)

Where ki=h f(Xo,y0)=(0.1)f(0,1)=-0.1

ko= h f (xo+h/2, yo+*2) = (0.1)[£(0.05,0.95)] = (0.1)(—0.95) = —0.095

ka= h f((Xo*+N/2,y0+k2/2)=(0.1)f (0.1/2,1-0.095/2)=(0.1)(-0.9525)= -0.09525

ka= h f(xo+h,yo+ks) = (0.1) [£(0.05,1 — 0.09525)] =(0.1)f(0.05,0.90475) = -0.090475

Hence yi1=1+ 12 (-0.1+2(-0.095)+2(0.09525)-0.090475)
=1+ 12 (-0.570975)=1-0.0951625 = 0.9048375

Step2: To find y,,ie., y(x,)=y(0.2),y, =0.9048375,i.e., y(0.1) =0.9048375

Here x1=10.1, y1=0.9048375 and h=0.1

Again by 4" order R-K method, we have

Y2 = y1+1/6(k1+2ko+2ka+ks)

Where ki=h f(x1,y1)=(0.1)[£(0.1,0.9048375)] =-0.09048375

ko= hf (x1+h/2,y1+k1/2)=(0.1)[£(0.1 4+ 0.1/2,0.9048375 — 0.09048375 /2)] =-0.08595956

ks=hf(xa+h/2, y1+k2/2)=(0.1)[f(0.15,0.8618577)] = -0.08618577

ka =h f(x1+h,y1+ks)=(0.1)[£(0.2,0.8186517)]= -0.08186517

Hence y, = 0.9048375+ % (-0.09048375-2(0.08595956)-2(0.08618577)- 0.08186517
=0.9048375-0.0861065 = 0.818731

y =0.9048375 when x =0.1 and y =0.818731 where x = 0.2

5. Apply the 4™ order R-K method to find an approximate value of y when x=0.2 in
steps of 0.1, given that y' = x?+y?, y (1) = 1.5

Sol. Given y’= x*+y?,and y(1) = 1.5
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Here f(x,y)= x>+y?* yo=1.5 and xo=1,h=0.1

So that x;=1.1 and x>=1.2

Stepl: To find y1ie, Y(X1)

by 4" order R-K method we have

y1 = yor = (Kut2ke+2ka+ks)

ki = hf(xo,y0)=(0.1)f(1,1.5)=(0.1) [1%+(1.5)%]=0.325

ko = hf (xo+h/2,yo+ki/2)=(0.1)|£(1 + 0.05,1.5 + 222%)| =0.3866

ks = hf((xo+h/2,yo+ka/2)=(0.1)f(1.05,1.5+0. 3866/2)=(0.1)[(1.05)>+(1.6933)?]=0.39698
ks = hf(xo+h,yo+ks)=(0.1)f(1.05,1.89698)=0.48085

Hence

Y, =1.5+%[o.325+ 2(0.3866)+2(0.39698)+0.48085 |
=1.8955

Step2: To find y2, i.e., y(x,)=y(1.2)
Here x1=0.1,y1=1.8955 and h=0.1

by 4" order R-K method we have
y2= yit = (Ki+2ka+2katka)

k= hf(x1,y1)=(0.1)f(1.10,1.8955)=(0.1) [(1.10)2+(1.8955)?]=0.48029

0.4796
2

ko= hf (xu+h/2,y1+k1/2)=(0.1)f(1. 1477, 1.8937+°"%) =0,58834

0.58834

ks = hf((x+h/2,y1+k2/2)=(0.1)f(1.15,1.8937+=7) =(0.1)[(1.15)?+(2.189675)?]=0.611715

ks = hf(xi+h,y1+ks)=(0.1)f(1.2,1.8937+0.610728)=0.77261
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Hence y»=1.8955+1/6(0.48029+2(0.58834)+2(0.611715)+0.7726) =2.5043
y =2.5043 where y—( 2
6. Use R-K method, to approximate y when x=0.2 given that y’ = x+y, y(0)=1
Sol: Here f(x,y) =x+vVy,Yo=1,Xx=0
Since h is not given for better approximation of y
Take h=0.1
. X1= 0.1, xo=0.2
Stepl To find y1 i.e y(x1) = y(0.1)
By R-K method,we have
y1= Yo+ = (k+2ko+2katke)
Where ki= hf(xo,yo) = (0.1)f(0,1) = (0.1) (1) = 0.1
ko= hf (xo+h/2,y0+k1/2) = (0.1)[f(0.05,1.05)] = 0.11
ka= hf((xo+h/2,yo+k2/2) = (0.1)[f(0.05,1 + 0.11/2)] = (0.1)[(0.05) +(1.055) ]= 0.1105

ka= h f (xo+h,yo+ks) = (0.1)[f(0.1,1.1105)] = (0.1)[0.1+1.1105] = 0.12105
Hence . 33 =y(0.1) = 1+ (0.1 +0.22 + 0.2210 + 0.12105)

y=1.11034
Step2: To find y2 i.e y(x2) = y(0.2)
Here x1=0.1, y1=1.11034 and h=0.1
Again By R-K method,we have
Yo=y1+1/6(k1+2K2+2ks+Ka)

k= h f(x1,y2) = (0.1)[f(0.1,1.11034)] = (0.1) [1.21034] = 0.121034
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ko= h f (xi+h/2, yri+ka/2) = (0.1)[f(0.1 4 0.1/2,1.11034 + 0.121034/2)] = 0.1320857
ka=h f((x1+h/2,y1+k2/2) = (0.1)[f(0.15,1.11034 + 0.1320857/2)] = 0.1326382
ks=h f(x1+h,y1+ks) = (0.1)[£(0.2,1.11034 + 0.1326382)] =(0.1)(0.2+1.2429783)=0.1442978
Hence y,=1.11034+ % (0.121034+0.2641714+0.2652764+0.1442978)
=1.11034+0.1324631 =1.242803
y =1.242803 when x=0.2
7. Compute y(0.1) and y(0.2) by R-K method of 4" order for the D.E. y’ = xy+y?, y(0)=1
Sol. Given y' = xy+y? and y(0)=1
Here f(x,y)= xy+y? yo=1 and xo=0, h=0.1
So that x;=0.1 and x2=0.2
Stepl: To find y1 = y(x1) = y(0.1)
by 4" order R-K method we have
yr=yot < (Ki+2ko+2ka+ks)
k1=hf(xo,y0)=(0.1)f(0,1)=(0.1) [0+1]=0.1
ko= hf (Xo+h/2,yo+k1/2)=(0.1)[£(0.05, 1.05)] =0.1155
ka=hf((Xo+h/2,yo+k2/2)=(0.1)f(0.05, 1.05775)=0.11217
ka=hf(xo+h,yo+ks)=(0.1)f(0.1, 1.11217)=0.1248

Hence y1 = y(0.1) = yo+ = [Ki+2Ko+2Ks+ky]
6

= 1+ = [0.1+0.0231+0.22434+0.1248]

=1.1133

Step2: To find y2 = y(x2) = y(0.2)
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Here x1=0.1,y1=1.1133 and h=0.1

by 4" order R-K method we have

y2= yit = (Kut2ke+2katke)

ki=hf(x1,y2)=(0.1)f(0.1, 1.1133)=0.1351

ko= hf (x1+h/2,y1+k1/2)=(0.1)f(0.15, 1.18085) =0.1571

ka=hf((x1+h/2,y1+ka/2)=(0.1)f(0.15, 1.19185) =0.1599

ka=hf(xs+h,y1+ks)=(0.1)f(0.2, 1.2732) =1.1876

Hence y>=y(0.2) = y1 + 12 [ka+2ka+2ka+ka]
=1.1133+1/6(0.1351+0.3142+0.3198+0.1876)
=1.2728

8. Find y(0.1) and y(0.2) by R-K method of 4™ order for the D.E. y’' = x> —y and y(0)=1

Sol. Given y' = x?> —y and y(0)=1

Here f(x,y)= x> =y, Yo=1 and x0=0, h=0.1

So that x1=0.1 and x2=0.2

Stepl: To find y1 = y(x1) = y(0.1)

by 4" order R-K method we have

yi=yo+ — (Kut2ka+2ka+ks)

ki=hf(xo,y0)=(0.1)f(0,1)=(0.1) [0-1]=-0.1

ko= hf (xo+h/2,yo+k1/2)=(0.1)[£(0.05, 0.95)] =-0.09475

ka=hf((xo+h/2,yo+k2/2)=(0.1)f(0.05, 0.952625)=-0.095

k4=hf(xo+h,yo+ks)=(0.1)f(0.1, 0.905)=-0.0895
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Hence y1=y(0.1) = yo + 1; [k1+2ko+2Kks+ka]

=1+ lg [-0.1-0.1895-0.19-0.0895] = 0.9052
Step2: To find y2 = y(x2) = y(0.2)
Here x1=0.1,y1=0.9052 and h=0.1

by 4" order R-K method we have
y2= i+ ¢ (ki+2ko+2ktks)

ka=hf(x1,y2)=(0.1)f(0.1, 0.9052)=-0.08952
ko= hf (x:+h/2,y1+K1/2)=(0.1)f(0.15, 0.86044) =-0.08379
ka=hf((x1+N/2,y1+k2/2)=(0.1)f(0.15, 0.8633) =-0.0841

ka=hf(x1+h,y1+ks)=(0.1)f(0.2, 0.8211) =-0.07811
Hence y,=y(0.2) = y1+ = [kit2kz+2katki]

= 0'9052+1E (-0.08952-0.16758-0.1682-0.07811) = 0.8213
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CURVE FITTING
Method of Least Squares:
Suppose that a data is given in two variables x & y the problem of finding an

analytical expression of the form y = f (x) which fits the given data is called curve fitting.
Let (X, Y,): (X0 Ys )evennee (X,,Y,) be the observed set of values in an experiment and

y = f(x) be the given relation x&y,Let E,,E,,.....E, are the error of approximations then
we have

E1 =Yy, - f (Xl)

E,=y,- f (Xz)

E,=vy,—f(X)

E,=v,—f(x,) Where f(x),f(X) f (x,) are called the expected values of
y corresponding to X=X, X = X,........ X=X

Y, Y,......y, are called the observed values of y corresponding to

X=X, X=Xpeen X=X, the differences E,E,....E, between expected values of y and
observed values of y are called the errors, of all curves approximating a given set of points,
the curve for which E=E’+E,” +...E,* is a minimum is called the best fitting curve (or)
the least square curve, This is called the method of least squares (or) principles of least

squares
I. FITTING OF A STRAIGHT LINE:-

Let the straight line be y =a-+bx — (1)
Let the straight line (1) passes through the data points

(% Y0 )5 (o0 ¥V ) (X0 ¥y )i (X 3 ), =2,2.000

Sowe have y; = a+ bx; — (2)

The error between the observed values and expected values of y = y; is defined as
Ei=y;—(a+bx),i=12......n - (3)

The sum of squares of these errors is

E=Y" E =Y",[y; — (a+ bx;)]*> Now for E to be minimum

ﬁzo’ﬁzo
oa

ob
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These equations will give normal equations

n n
Zyi =na+b2xi
i=1

i=

n n

1
n
inyi = ain+bei2
i=1

i=1 i=1

The normal equations can also be written as

D y=na+b) x
Y oxy=a) x+b> x’
Solving these equation for a, b substituting in (1) we get required line of best fit to the given
data.
I1. NON LINEAR CURVE FITTING
1. PARABOLA:-

Let the equation of the parabolais y = a + bx + cx? (1)
The parabola (1) passes through the data points
(x5, v1), (0, V2) v e v (i, y )y leen, (X, 71 )i =1,2 . oum

We have y; = a + bx; + cx? — (2)
The error E; between the observed an expected value of y =, is defined as

E;=y;—(a+bx;+cx?),i=123......n > (3)

The sum of the squares of these errors is

n n
E=) B =) (Gn—a-bxq—cx} -4
i=1 i=1

for E to be minimum, we have
E_,0E_,CE
oa ob ' oc

The normal equations can also be written as

Yy = na + bEx + cXx?
XXy = aZx + bXx? + ¢Ix3
Ix%y = aZx? + bXx3 + cxx*
Solving these equations for a, b, ¢ and satisfying (1) we get required parabola of best fit
2. POWER CURVE:-

The power curve is given by y=ax" — (1)

Taking logarithms on both sides log;,y = log;0a + b logox
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(or) Y = A+ bX = (2) whereY =log,,y,A = logpa and X = log,yx
Equation (2) is a linear equation in X & Y

The normal equations are given by

XY = nA + bXX
XY = AXX + bXx?
From these equations, the values A and b can be calculated then a = antilog (A) substitute a &

b in (1) to get the required curve of best fit.
3. EXPONENTIAL CURVE:- (1)y =ae™ (2)y=ab*
1. y=ae™ —(1)
Taking logarithms on both sides log,,y = log,, + bxlog,e
(or)Y =A+ BX - (2)WhereY =log,,y,A = log,pa,B = blog,pe & X = x
Equation (2) is a linear equation in X and Y
So the normal equation are given by

2Y = nA + BXX

XY = AZX + BIX?

Solving the equation for A & B, we can find

B

a=antilog A&b =
log,, e

Substituting the values of a and b so obtained in (1) we get
The curve of best fit to the given data.
2. y=ab* —>(1)
Taking log on both sides log,oy = logipa + xlog,0b
(or)Y =A+BX - (2)

Where Y = log,0y, A = log,0a, B = blog,0b & x = X
The normal equation (2) are given by

XY = nA + BXX

IXY = AXX 4+ BZX?

Solving these equations for A and B we can find a = antilog A,b = antilog B

Substituting a and b in (1)
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Problems:

1. By the method of least squares, find the straight line that best fits the following data

x |1 2 3 4 5
y |14 27 40 55 68

Solution: The values of Tx, Xy, £x? and Zxy are calculated as follows

Xi Yi x? XiVi
1 14 1 14
2 27 4 54
3 40 9 120
4 55 16 220
5 68 25 340

Tx; = 15;Zy; = 204;Xx? = 55 and Zx;Xy; = 748
The normal equations are

Ty =na+bIx — (1) Ixy = aZx + bZx? — (2)
Solving we get a=0,b=13.6

Substituting these values a & b we get

y=0+13.6x = y =13.6X

2. Fit a straight line y=a+bx from data

X 0 1 2 3 4
y 1 1.8 33 |45 |63

Solution: Let the required straight line be y=a+bx...(1)

X y v Xy

0 1 0 0

1 1.8 1 18

2 33 4 6.6

3 4.5 9 135 Normal equations are

4 6.3 16 259 D y=na+b) x

Z:Xy=aZ:X+bZ:x2

2x=10 Yy=169 |Yx?=30 | ¥xy =47.1 | Substitute inabove we get

DEPARTMENT OF HUMANITIES & SCIENCES | ©@MRCET (EAMCET CODE: MLRD) i




MATHEMATICS - Il NUMERICAL METHODS

5a+10b=16.9

10a+30b=47.1

Solving we get a=0.72; b=1.33.

=~ The straightlineisy = 0.72 + 1.33x

3. Fit a straight line y = a + bx from data

X |0 5 10 |15 |20
y |7 -11 |16 |20 |26
Solution: Let the required straight line be y =a + bx...(1)

X y X2 Xy

0 7 0 0

5 -11 25 -55

10 16 100 160

15 20 225 300

20 26 400 520
Yx=50 | Yy==58 | Xx%=750| Y xy =925

Normal equations are

Y y=na+b) x

D oxy=a) x+by x?

Substitute in above we get

5a+50b=58

50a+750b=925

Solving we get a=-2; b=1.36.

=~ The straightlineisy = —2 + 1.36x

4. Fit a straight line y=a+bx from data

X 0 5 10 15 20 25
y 12 15 17 22 24 30

Solution: Let the required straight line be y=a+bx...(1)
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X y X Xy
0 12 0 0
5 15 25 75
10 17 100 170
15 22 225 330
20 24 400 480
25 30 625 750
Yx =75 |Yy=120 ¥ x2=1375 | ¥ xy =1805

Normal equations are

D y=na+b) x

D oxy=a) x+by x?

Substitute in above we get

6a+75b=58

75a+1375b=1805

Solving we get a=11.2862; b=0.6971.

= The straight lineis y = 11.2862 + 0.6971x

5. Fit a straight line and a parabola to the following data and find out which one is most
appropriate. Give your reason for the conclusion
X 1 2 3 |4 5
y 4 3 6 |7 |11

Solution: Let the required straight line be y=a+bx...(1)

X y X2 X x* Xy X%y

1 4 1 1 1 4 4

2 3 4 8 16 6 12

3 6 9 27 81 18 54

4 7 16 64 256 28 112

5 11 25 125 625 55 275
Yx=15 | ¥ y=31| ¥ x2=55 | ¥ x3=225 | ¥ x*=979 | ¥ xy =111 | ¥ x2y=457
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Normal equations for fitting a straight line are

Dy=na+b) x
D oxy=a) x+by x?
Substitute in above we get
5a+15b=31
15a+55b=111
Solving we get a=0.8 ; b=1.8.
=~ The straightlineisy = 0.8 + 1.8x
Let the required parabola be y=a+bx+cx?...(2)
Normal equations for fitting a parabola are
Ty = na + bEX + cEx?
Xy = aZx + bIx? + cZx3
Tx%y = aZx? + brx3 + czx*
Substituting values, we get
5a+15b+55¢ =31
15a+55b+225¢ = 111
55a+225b+979c =457
Solving we get a=4.7998;b=-1.6284;c=0.5714
~The parabola fit is 4.7998x2-1.6284x+0.5714

Conclusion: Clearly parabola fit is best fit because error is near to ZERO than linear fit.

y Error of linear fit Error parabola fit
E=y-f(x) E=y-g(x)

4 1.4 0.2572

3 -1.4 -0.8286

6 -0.2 0.9428

7 -1 -0.4286

11 1.2 0.0572
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6. Fit a second degree parabola to the following data

X 0 1 2 3

y 1 5 10 22

38

Solution: Equation of parabola y =a-+bx+cx* —(1)

Normal equations Yy = na + bEX + cIx?

Ixy = aZx + bXx? + ¢Ix3

Tx%y = aZx? + bIx3 + cZx?* — (2)
X y Xy x? X’y X3 x*
0 1 0 0 0 0 0
1 5 5 1 5 1 1
2 10 20 4 40 8 16
3 22 66 9 198 27 81
4 38 152 16 608 64 256
Yx=10 | Yy=76 | Yxy=243 | Yx2 =30 |Yx?y =851 | =x3=100 | =x* =354
Normal equations
76 =5a+10b+30c
243 =10a+30b+100c
851=30a+100b +354c
Solving @a=1.42,b=0.26,c =2.221
Substitute in (1) = y =1.42+0.26x + 2.221x
7. Fit a second degree parabola to the following data:
X 0 1 2 3 4
f(x) 1 1.8 1.3 2.5 6.3
Solution:
Let the equation of the parabola be Y=a+ b x + ¢ x2 ----- (1)
The normal equations are given by Xy = na + bZx + cZx?
Xy = aZx + bZx? + cIx3-----(2)

Ix%y = aZx? + bZx3 + cZx*
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X y X2 x3 o Xy X2y

0 1.0 0 0 0 0 0

1 1.8 1 1 1 1.8 1.8

2 1.3 4 8 16 2.6 5.2

3 2.5 9 27 81 7.5 22.5

4 6.3 16 64 256 25.2 100.8
Yx=10 | Y y=129 | ¥ x?2 =30 | Yx3=100 | Y x* =354 |Yxy=37.1|Yx?%y=130.3

Since there are 5 pairs of values so n=5 substituting the above values in (2) we get
12.9 = 5a +10b +30c
37.1 = 10a+30b+100c
130.3 = 30a+100b+354c¢
Solving the above equations we get a =14.2, b=-1.07, ¢ = 0.55
Substituting the above values in (1) y = 14.2-1.07x + 0.55x2
Which is the required equation of the parabola.
8. Fit a parabola y = a + bx + cx? to the data given below
X: 1 2 3 4 5
y: 10 12 8 10 14

Solution: Let the equation of the parabola be Y=a + b x + ¢ x2 ----- (1)
The normal equations are given by Xy = na + bZx + cZx?
Xy = aZx + bZx? + cIx3-----(2)
¥x%y = aZx?® + bEx3 + cxx*

X y x? x3 x* Xy x%y

1 10 1 1 1 10 10

2 12 4 8 16 24 48

3 8 9 27 81 24 72

4 10 16 64 256 40 160

5 14 25 125 625 70 350
Sx=15 | Yy=54 | yx?=55 | yx®=225 | yx* =979 | yxy-168 |yx’y =640

Since there are 5 pairs of values so n=5 substituting the above values in (2) we get
54 = 5a +15b +55¢
168 = 15a+55b+225¢
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640 = 55a+225b+979c
Solving the above equations we get a =14, b =-3.6857, ¢ =0.7142
substituting the above values in (1) y = 14-3.6857x + 0.7142x?
which is the required equation of the parabola.
9. Fit a parabola of the form y = ax? + bx + ¢
X: 1 2 3 4 5 6 7
y: 2.3 5.2 9.7 16.5 29.4 35.5 54.4

Solution: Let the equation of the parabolabe y = ax? + bx + ¢ ---- (1)

The normal equations are given by
Ty = na + bEx + cXx?
Xy = aZx + bIx? + cIx3-----(2)
Tx?y = a¥x? + brx> + cIx*
Table for calculations:

X y x? x3 x* Xy x2y
1 2.3 1 1 1 2.3 2.3

2 5.2 4 8 16 104 20.8
3 9.7 9 27 81 29.1 87.3
4 16.5 16 64 256 66 264
5 294 25 125 625 147 735
6 35.5 36 216 1296 213 1278
7 54.4 49 343 2401 380.8 2665.6
28 153 140 784 4676 848.6 5053

Since there are 5 pairs of values so n=5 substituting the above values in (2) we get
153 = 7a +28b +140c
848.6 = 28a+140b+784c
5053 = 140a+784b+4676¢
Solving the above equations we get a =2.3705, b =-1.0924, ¢ = 1.1928
substituting the above values in (1) y=1.1928 x2-1.0924 x+2.3705

which is the required equation of the parabola.
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10. Fitacurve y=ax" to the following data

X 1 2 3 4 5 6

y 2.98 4.26 5.21 6.10 6.80 7.50

Sol:- Let the equation of the curve be y =ax® — (1)

Taking log on both sides logy = loga + blogx
(o)Y =A+bX — (2) WhereY =logy,A =loga, X =logx
The Normal Equations are XY = nA + bXX

XY = AZX + bZX? — (3)

x | X=logx y Y =logy Xy X?
1 |0 2.98 |0.4742 0 0
2 ]0.3010 4.26 | 0.6294 0.1894 0.0906
3 [04771 5.21 |0.7168 0.3420 0.2276
4 10.6021 6.10 | 0.7853 0.4728 0.3625
5 ]0.6990 6.80 | 0.8325 0.5819 0.4886
X = 2.8574 Y = 43133 | XY = 2.2671 ¥X? = 1.7749

4.3313=6A+208574b and 2.2671=2.8574A+1.7749b
Solving A=0.4739, b=0.5143
A=anti log (A) =2.978
sy = 2.978x05143
11. Fitacurve y=abX
X 2 3 4 5 6
y 144 172.8 |207.4 | 248.8 |298.5

Solution: Let the curve to be fitted is y = abX
Taking log onbothsideslogy = loga + xlogh — (1)
Y=A+xB — (2)
Y =logy,A=1loga,B =logh
XY = nA + B2x
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MATHEMATICS - Il NUMERICAL METHODS

XY = AZx + bEx? — (3)

X y x2 Y =logy Xy

2 144.0 4 2.1584 4.3168

3 172.8 9 2.2375 6.7125

4 207.4 16 2.3168 9.2672 Substituting
5 248.8 25 2.3959 11.9795 | these values
6 298.5 36 2.4749 14.8494 the normal

equations are
11.5835 = 5A + 20B
47.1254 = 20A+90B
Soving A and B, taking antilogarithms
a=100, b=1.2
Substituting in (1), the equation of the curve is y =100(1.2)*
=36.744 Square units
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MATHEMATICS -II BETA AND GAMMA FUNCTIONS

UNIT -11I
BETA AND GAMMA FUNCTIONS

Gamma Function: [In Mathematics, the Gamma Function (Represented by the capital Greek
Letter I') is an extension of the factorial function, with its argument shifted down by 1, to real

and complex number]

Def: The definite integral fowe_x x" 1dx is called the Gamma function and is denoted by

I'(n) and read as “Gamma n”.The integral converges only for n>0

Thus, T'(n)= fooo e * x™ 1dx where n>0

Gamma function is also called Eulerian integral of the second kind.
Note: The integral [ OOO e * x" 1dx does not converge if n<0
Properties of Gamma Function:

1. To show thatI'(1)= 1

Sol. By the def of Gamma function; we have

I(n) =f e ¥ x" Ldx
0

0 0

0 e—x ©
=~ T(1) =f e x17ldx =f e *dx = [—]
0 _1 0

e *x%dx = j
0

0

=—lem®—e’l==[0—-1] =1

2. To show thatD'(n) = (n—1)['(n—1) where n>1.

Sol. By the def of Gamma function; we have

T(n)= [ e™*x" 'dx

= [x”‘l (e_—_l)]o — fooo(n — D2 (%) dx (Integrate by parts)

lt xn—l

— _ © L —x ,n-2

R +0+(n—1) [ e *x"?dx

—(1n — ® L —x,n-2 . le «mt

=(n—1) [, e *x"?dx ( W e 0 forn > 1)

=(n—-1)T(n-1)
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~T(n) =m-1I(n-1)
Note: 1. I'(n+1)=nl"(n)
2. If n is a +ve fraction then we can write.

F(n) =n—-Dn—2).un..... (n—r)F(n—r)Where n—-7r)>0
3. If n is a non-negative integer, then I'(n+1)=n!

Proof: From property II, We have.

[(n+1)=nl(n)=n(n-1DC(n—1) (by property II again)
=n(n—-1)(n—-2)I'(n-2) (by property. IT again)
=n(n—1Dn-2)(n—-3)T'(n-3)

=n(n—-1)(n-2)(n—3)....3.21 (1)

=n(n—-1)(n-2)(n-3)...3.2.1 (1) =1
=n!
~T(n+l) =nl(n=012......)

This shows that the Gamma function can be regarded as a generalization of the
elementary factorial function.

Problems :

1. Solve I(%)
Sol. r(%):@- jr(%—ljz%r(%):%G—ljr(%—lj
=715 1(34) =72 Sy (5= )1 (31

= 7/2-5/2-3/2-F(%) = 7/2'5/2'3/2-(3/2_1)F6—1j

= 7/25/2.3/2. Y- T( }4)
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MATHEMATICS -II BETA AND GAMMA FUNCTIONS
2. Solve F(l%)

Sol: T(13) =?%%%r(%)

Note: When n is a —ve fraction

We have F(n+1) = nF(n)

F(n) _ F(12+1)
3. Computel“(_%)
F(n+1)

Sol. Wehavel'(n)=

Putn = (_—1j
2

Sol. We have I'(n) = F(r;+1)\12
(73] _
r(94)- k)
2

57 3 53
2
2’ F(—l +1) 9 2 -8
15 —12 L r(%):ﬁ\/; :E'\/;
2

Beta Function:

Def: The definite integral | 01 x™ (1 — x)" dx is called the Beta function and is denoted by

B(m,n) and read as “Beta m, n”. The above integral converges for m > 0,n > 0

Thus, S(m,n) = fol x™ 11 —x)"1dx,wherem >0,n>0

Beta function is also called Eulerian integral of the first kind.
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Properties of Beta Function:
(i).  Symmetry of Beta function; i.e., §(m,n) = f(n,m)
Proof: By the def, we have

BGm,n) = [1xm1(1 — x)"dx

put (1 — x) = y sothat dx = —dy

When x=1=y=0

x=0=>y=1

m—1

2 Bmmy=[(1=y) y"(=dy)

m—1

1
=[y(-y) dy
0
1 b b
:Ix"_l(l—x)m_ldx ff(t)dt :jf(x)dx
0 a a
= B(n,m)

<. B(m,n) =B(n,m)

1
Aliter : We know that B(m,n) = I X" 1= x)" dx

0

From properties of definite integrals, we have

.Tf(x)dx :]i f(a—x)dx
1

- B(m,n) = j A=x)""1=(1=x)]""dx
0

1
= [(1—x)""x"dx
0

=[x (1=x)""dx = B(n,m)
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MATHEMATICS -II BETA AND GAMMA FUNCTIONS

= plm,n) = f(n,m)

/2

(ii). Prove that B(m,n)=2 j sin®"" @cos™ " Od6
0

Proof: By the def, we have

1

B(m,n) = I x"(1=x)""dx

0

Put x=sin’ @ so that dx=2sin@cos0d0

= dx=sin26d6
When x=1=60=7/, 39 x=0=6=0

/2

- B(m,n) = j (sin®> @) (cos> )" 2sin @ cos O
0

7
=2 J‘sinZ”"2 6 cos* ™ @sincosOdb

0

™
=2 J'sinz’”_I Gcos® 6 do

0

7
- Blm,n)=2 j sin>"" @cos® 6 do

0
/2

Note: I sin®"~' @cos™ 0dO = % B(m,n)

0
(iii) Prove that B(m,n) = B(m+1,n)+ B(m,n+1)

Proof: By the def, we have

Bm+1,n)+ B(mn+1)= jx’"(l—x)"_ldx+J.x’"_l(l—x)”dx

0

[xm (1—x)" +x"'(1-x) }ix

O ey —

= ‘1[ X" 1= x) " x+ (1= x)|ax
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MATHEMATICS -II BETA AND GAMMA FUNCTIONS
1
= Ixm_l (1—x)""dx = B(m,n)
0

Hence B(m,n)=B(m+1,n)+ B(m,n+1)

(iv). If m and n are positive integers, then S(m,n)= M
(m+n-1)!
Proof: By the def, we have
1
B(m,n) = j X" U=x) 7o (1)
0
n 1 1 n
= {x”"l (1-x) } —I (1-x) (m—1)x""dx (Integration by parts)
n(=1) |, ¢ n(=1)
m—1 2 " m—1
== [x2-x) =" B =bnt) ooy 2)

0
Now we have to find S(m—1,n+1)

To obtain this put m=m-1 and n=n+1 in equation. (1), we have

m—2
Bm—-1,n+1)= > Blm—=2,n+2)

From Equation. (2)

Blm,n) =" 2 B 0 kD) 3)

n  n+l

Changing m to m-2 and n to.n+2, from (1) we have

Blm=2,n+2)= m_3ﬁ(m—3,n+3)
n+2

From Equation (3), we have

Blmn)=""L M2 M3 g 3 e 3) )

n n+l n+2

Proceeding like this, we get

,B(m,n)z (m—l)(m—2)(m—3) ...... [m_(m_l)]ﬁ[m—(m—l),n+(m—l)]

= )ﬁ(l,n+m—1) ..................... &)

DEPARTMENT OF HUMANITIES & SCIENCES | ©MRCET (EAMCET CODE: MLRD) BS(0J




MATHEMATICS -II BETA AND GAMMA FUNCTIONS

2 1 n+m-2

But ﬂ(l,n+m—1)=J‘;xO(1—x) dxzj(l—x) dx

0

_ (1 )n+m—1 B 1 (0 ~ 1) B 1
n+m-—1)—1 n+m-—1 n+m-—1
( )=1) ],
From equation (5), we have

Blm.n)= (m—1)m—-2)m=3)......1 _ (m—1)!
’ nn+1)n+2)..(n+m=2)n+m—-1) nn+)n+2)....(n+m=-2)n+m-1)

Multiplying the numerator and denominator by (n-1)!, we have

_ (m—1)(n—-1) _(m—1)(n—1):
A R P P PR i R e
. _ (m—l)!(n—l)!
Bl n)= (n+m—1)
Note 1: Putting m=1in B(m,n)= M we have
(n+m—1)
(n-1) 1
1.n)= =_
plin)= L
2: By putting n=1, we get ,B(m,l):i
m
Other forms of Beta Function:
1. Show that
oo xm—l oo xn—l oo yn—l oo yq—l
(m,n) = | ———dx= | ————dx(or)| ————dy(or) f(p,q) =| ———-d
P = o = e den | o den B = G
Proof: By the def, we have
1
B(m,n) = jx’"—l A+ )" dX ool (1)

0

Put )chsothatdxziy2
1+y (1+y)
when x=0=>y—>cand x=1=y=0

From equation (1), we have
m—1 n—1
of 1 1 —dy
mn)=\||—— 1- .
Alonn) L(Hy] ( 1+yJ (1+y)

DEPARTMENT OF HUMANITIES & SCIENCES | ©MRCET (EAMCET CODE: MLRD) B8]
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T n—l dy
c(L+ )" (1+ WA+ )

Ll n-1 L n-1

y
= e Ay = o dy
I(1+y) Frt2 !(Hy)

0

oo n-1

X
( ,l’l)—}[mdx ....................... (2)

Again since Beta function is symmetrical in m and n, we also have

B(m,n) = j T 0K e 3)

Hence B(m,n)= I o dx = j(lfwdx

1 -1 n—1
X +Xx

2. To show ,B(m,n) = KX
;[ (I+x)

Proof: We have

m=1 m—1

B(m,n) = j = —IH—de+r(dox ....................... (1)

Now consider

Put x:l so that dx:—izdy,
y

When x=1 = y=1 and x—>0=y=0

m—1 1 1 m+n 1

1
y y
=|l——m X = | g =y
!(Hy) v {y LA+ y)my?

0 X
ﬁ(m’ n) - I[ (1 )Wl+n +{[ (1+x)m+n
+Xx
IB(m7 )_ ) (1+x)m+n
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0 m—1
X
3. To show f(m,n) =a"b" | —————dx
) m—1 o0 m—1
Proof: We have, a"b" [————dx =a"b" [ ——————dx
0 (aX+ b) 0 zmin| G
b Z x+1

Put & = v.Then dx zé.dy and x :b_y
b a a

When x=0=y=0and x >0 = y-—oo

bl m—1
e
! (aX+ b)m+n bm+n o (1+ y)WH—n a

— ambn—m—nT bm_l ym_l édy
am—l (1 + y)WH—n a

dy

m o m—1
=y Uy
0 (I+y)

=) —

= Bm.n)

(1+ y)m+n !(1_*_ )m+n
xnkl (1 _ x)nfl Jee ,B(m, I’l)

(x+a)™™" a'(l+a)”

4. To showj

0

Proof: By the def, we have

B(m,n) = j X" A=) X (1)
0

(1+a)y
y+a
(y+a)l—y(1+0) a(l+a)
2 d = Zd
(y+a) (y+a)
When x=0. =>y=0and x=1 = y=I1

Put x=

dx=(1+a){

Now equation (1) becomes

ﬁ(m,n)=.|.1 (1+a) "y {1_ (1+01)yjn_1 a(l+a) dy

© (y+a)" y+a ) (y+af
_J~ 1+a) Ty y+a—y—ay i a(1+a)d
0 y+a)m1 ' y+a (y+a)2
va(l+a)" y™! e
_I m1+n 1+2( —ay) ldy
1a1+a m n—1 n—l1
= a1- d
) y+am+" (1-y)"dy
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n—l m—1 n—1
"(1+a J.Mdy a"(l+a)" Jﬂ%x
o y+ )m+n o (x+a)m+n

Af x’("‘ (=2~ _ Blm.n)

x+a)™" a"(1+a)"
5. To show I(x— b)" " (a—x)""dx=(a—b)""" B(m,n),m>0,n>0.
b
Proof: We have

1
p(m,n) = I X" (1=x)"
0

Put x= y_bsothatdx: dy
a—>b a—>b

When x=0=y=>b and x=1=>y=a

. _fy-b e y—b " dy
=[5 )
:j(y—b)’"‘1 (a=b-y+b)"" dy
2 (a-b)""" (a-b)""  a-b

_j<y a=y f(x by a—x)"t
(a=b)

m—l+n—1+1 b)m+n 1

a m—1 n—1
x=bH)" (a-0"" , _ (a—b)""" B(m,n)

. (a _ b)m+n—1
PROBLEMS
1. S.T Psin’” Ocos” &19-_—1 m_ﬂ’”_ﬂj
0 2 2 2

Sol: E sin” @cos" 8d6 = J? sin”” @cos"” B(sin & cos 8)dO

'Ll
2 n—1

—r sin’8)  (cos’ @) (sin@cosd)dd

Putsin’® 8 = x sothat sin @ cos 6 d6 :d_zx

% 11 Ll nf—l
R sm COS = — —X X
{ " @cos” 0d8 2{ x2(-x)2d
m+1 n+l
sl e ()
0
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T

Aliter: We have J;zsinz'"‘1 fcos™" GdH:% Blm,n)....cooeeiiiiii (1)
Put p:2m—l,q:2n—1s0thatm=p7+1andn:q7+1
72[ . g I [ p+1 g+1
Then (1) becomes _rsm Ocos’ MO =—f| — ,——
0 2 2 2
. 1 +1 n+l
orPsm"’ﬁcos” alg=— m_’n_
0 2 2 2
1
X
2. Solve dx
'([\/1—)62

-1
Sol: Putx’ =y so that dxzﬂ:lyzdy
2x 2

When x=0=y=0,and x:1:>y:1

dy

O'—.'—‘

— 2
]
- - 1, 1 1
— 0 _ 2 > I=be1 b3 _= &
Zlya y)? dy 2£y (1- ) "dy zﬁ(l,zj
3
dx
3. Solve
!)‘\/9—x2

-1
Sol: Putx’ =9y so that dx:%.y2 dy

-1 -1

3 dX 3 1 ?3 -1
= [(9—x? d =1(9-9y) .= y2dy
E|).9—x J). E[ 2
—Iyz y)5 dy
L ¢ 2o 1 1 11
=5Iy2 (1-y)? dy:aﬂ(z,aj

4. ST [x"(1-x")d :—ﬁ(’"“ +1j

1

I
Sol: Putx”" =y sothat dx=— y" dy
n

.'.jxm(l—x")pdxzjym/"(l—y)ply " dy
0 n

1 m+l-n 1 m+l
E— 1

1 + 1 +1
==[y " (=yyay =—[y" (1=y)" ‘”dy=—ﬂ(—’" ,p+1j
no n n

1
5. ST [(1+x)" (1-x)"" dx=2""" B(m,n)
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MATHEMATICS -II BETA AND GAMMA FUNCTIONS

n-1

Sol:  We have ﬂ(m,n)=.|:)1x’"’l(l—x) dx

Put x=1+y

sothat dx = %dy

ﬂ(m,n)—j(l-;n)j)lm (l 1';)/} .%dy

1 (T I

m+n—1
-1 2 -1

I(l +x)" (1= x)"dx=2""" B(m,n)

1
xdx 1 21
6. PT ! ﬁ(_,_j
J).\/l—xs 5
1 1

il 1 1
Sol: PutxX’=y=x=y° sothattdngy5 dy =

1 5
yod
5 yray

When x——0:>y——0 and x=1=y=1

—4 =3 -1

vid =—jy (=) dy

1 2 1 1 .(21
= — 1— 2 d = = —,—
Sgy (1-y)? dy 5'8(5 5)

xdx

SN

2
1 x“dx
7. Evaluate L ﬁ in terms of Beta function
1-x

b 4
Sol: PutxS:y:x=y5s0thatdx=%y5dy
When x=0=y=0,and x=1=y=1
d 1 5 lj -2
[ -J vy =—jy5<1 92 dy
0

iN1-x°

1p 3 1,031
= — 1— 2 d = — —,
Sgy (1-y)* dy sﬁ(s 2j

8. S.T [ (v=a)(b-x) dx=(b-a)""" Blm+1.n+1)

Sol: Put x:a+(b—a)y(or)[x: Z_a} so that dx=(b—a)dy

—a

When x=a=y=0,and x=b=y=1

o [ =y o=y dx = j [(b-a)y]" [p—a—b-a)y] (b-a)dy

= [(b=a)" y" (b-a)" (1= )" (b= a)dy
0
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1
— (b_a)m+n+1J. ym (1_ y)n dy
0

1
— (b— a)m+n+1-|' y(m+1)71 (1_ y)(n+l)—1 dy
0

= —a)m+"+l,3(m +1Ln+1)
m—1

9. S.T J.x—dx =a"f(m,n)
o (x+

)m+n

m—1

Sol: We have f(m,n)= I(lx—dx
0

)m+n
Put x:lsothazfalx:ﬂ
a a
oo m—1 1 Ll m—l‘ m+n
cBmmy = [— D LA
Oam_1(1+1)m+" a a 0(a+y)
a
bt ym~1
= anj.gmmdy
o (y+a)
1 X
—n,B(m, n) = Iﬁdx
a o X+a)
Ll m—1
Hence J. x—mmdx =a"f(m,n)
o (xta)

Relation between £ and I' function
I'(m)C(n)

F(m+n) , m>0, n>0
Proof: By the def of I —function

Prove that B(m,n) =

F(m) = J.e_x x"dx
0
Putx=1> = dx=2tdt
When x=0=t=0and x=coc=>t=0o0
~T(m)=[e" @)y 2t = [ e £ 20
0 0

oo

I'(m)= 2j e P
0

F(m) = 2'[ e X2 dx
0
Similarly,

I'(n)= 2_[ e vy dy
0
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~T(m)T(n)= 4j e xzm_ldx.J. e vy dy

0 0
— 2 12 p— -
:4_”.6 (3% ) 2m 1y2n 1dxdy

Transforming to polar coordinates
x=rcos@,y=rsinfand dxdy = rdrd@

r is varies from O to o and @ is varies from 0 to %

_2 pa—
rr2m1CO 2m19 2n1 2"19rdrd9

=
2
el
=
Il
N

Q

— 2 p— p— . p—
7 mrl o662 9gin® ! Odrd 6

QN

Il
N
S =8
Sty O3

+n) S(m,n)
L'(m)I(n)
B = )
Problems :

1. S.T rej:ﬁ
L'(m)I'(n)
F(m+n) , m>0, n>0
D1 2
Taking m=n=% , we haveﬁ(%,%] = r%i[;j} = [F(lﬂ ....... (1) [ r(1)= 1]

1 -1 1
Bu tﬂ(l %j_jﬁ (-2 dx—jx (1-x)2 dx

Sol:  We know that B(m,n)=

Put x =sin’ @ so that dx=2sin 8 cos 8d6
When x=0=0=0,and x:lja:%

T

3 2 P
( j | 1 2sinecosed0=2jde=2[e]g
0 0

sin @ cos @

:2[5_0}

From Equation (1) {F(%ﬂ == F(%j = \/;
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i B \/;
2. To show that je dx = >
0

T -x* _n-1
Sol:  We have F(n):J-e x"dx
0

1 it -1
Taking n=—, we have I 1 :je‘x x?dx
2 2) 9
Put x =1> sothatdx=2tdt

When x=0=¢t=0and x=oco=t=o0

. l_w—tzz_?l _oo—zz
"F(Ej_je (t%) 2tdt—2£e dt

0

(or)ZI e dx= FG] ( F@ _ J;j

Note: 1. je dx =

2. I e de=Ax

—00

3. F(n) is defined when n>0
4. T'(n) is defined when ‘n’ is a negative fraction.

5. But F(n) is not defined when n=0 and ‘n’ is a negative integer

3. P.T. T(n)T(n—1)=—2
sinnw

*? n—1

Proof: We know that fB(m,n)= I x—m dx
o (1+x)

'(m)I
Also we have f(m,n) = M

L(m+n)

oo n—1
I X e F(m)r(n)
o (L+x)™" [(m+n)

Taking m+n=1 so that m=1-n, we get

DEPARTMENT OF HUMANITIES & SCIENCES | ©MRCET (EAMCET CODE: MLRD) BSRES




MATHEMATICS -II BETA AND GAMMA FUNCTIONS

2m

We have ,J. - dx=£cos ecM
o 1+x 2n 2n

2m+1

2n

Where m>0, n>0 and n>m
Put x*" =t and

ot An l—%n
I =—CcoSec st
o, 2n)(1+ t)t 2n

or)— —dt=—cosecs7£
( )211-([ 1+1 2n

=s,wehave

dt =mcosec s

(or) j z

1+t s1n ST

(or) j 4

1+x sm ST

/4

sin nz

From equation (1) and (2) we have F(n)F(l—n) =— A
sinnx
1 n=1
4. S.T.F(n):J‘(log%C) dx,n>0
0
Sol:  We have T'(n) =Ie_xx"_ldx ...................... (1)
0

Putting x = logbTl =—logy
Yy

(or)y=e " sothatdy =—e “dx

dx =—1dy
y

Equation (1) becomes
0 n—1 1 n—1
o) sl
n) 'lf(log/y) .y.ydy .([log v dy
1 .
S [CTARE
0
1 2
5. Evaluatei. [x'(1-x)'dx ii. | x(8—x3);dx
0

Sol. (i). j.x4 (1-x)2dx= Ixs_l (1-x)"" dx=(5.3)
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MATHEMATICS -II BETA AND GAMMA FUNCTIONS

L(5)0(3) T(5)I(3) 4120 412 1
I'(5+3) r'(8) 7! Tx6x5x4! 105
1 -2

(ii). Letx’ =8y = x = 2yg = dx:%y%ly

When x=0= y=0and x=2= y=1

1 1 1 1

2 1 1 19 -2
x(8=x* P de=[2y3(8-8y)3.=y3d
!)C( x) !y( y)33y y

6. Evaluate |[sin’ @cos? 846

O 0 [ N

Sol. We have

Shaa I

sin®" @cos™ " BdO = % B(m,n).......()

Put 2m—-1=5=m=3 and 2n—1=%:>n=%

~ Equation (1) becomes

’Z T A\

r(3+%)

(%) 1 2r(%)
AR G

64

Z r(3)Ir(9
sin5900520d€=%ﬂ(3 9}:%, ( ) (A)

S —yo |y

|
N |~

Py
=

7. Evaluate (). 3™ dx
0

Sol. Since 3=¢"¢’

. 3—4x2 _€—4x210g3
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MATHEMATICS -II BETA AND GAMMA FUNCTIONS

2 2
J'3—4x dx = J'e—4x log3dx

0

Put 2x,/log3 =y sothatdx= dy

2\/@3
. [ o _oo - d [
"!34‘ dx_le ' 2,flog3 2\/10g !

1\/__\/_ T

2 log3 2 4 10g3_ 16log3

8. When n is a +ve integer. P.T. 2"1"(%%} =135...(2n-1)\7

e
(oD n-S )l ORI -)
@z)@z)-(n;}(—rnna

2n—1 2n-3 2n-5
2 2 2

_2n-12n-3 2n-5 glr(lj

g 5
_(2n=1)2n-3)2n-5)....3.1
- ) 7

.'.2’T(n+%}=(2n—1)(2n—3)(2n—5) ..... N

9. P.T. 22”_1F(n).r(n+%j =T (2n)V7
1

Sol. By def, we have B(m,n)= Ixm_l (1—)6)”_1 dx
0

(or) [ X" (1= 2" dv= B(n.m) = —FF(’ZIZZI(:;)

Put x=sin’ @ sothatdx=2sin@cosOdb
2 F(n).r(m)

2
From equation (1) !).sinz”_2 cos™ ™ (2sin@cos §) d6= T(n+m)
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MATHEMATICS -II BETA AND GAMMA FUNCTIONS

F(n).F(m)

(or) T (n " m) ................................ 2)

sin*' @cos™ " 0dO =

O 0 [N

Putting m = 12 inequation(2), we get

G 9d9=r(n)r(;j—*/; T(7) oo 3)

2T n+1 2 F(n+1j
2 2

Sty

Now putting m=n in equation (2), we get

2
T
sin” " @cos® " 0dB = ( (n))

O 0 | N

2 7 %
r 7 . %
(C(m) _ 21_1 [ (2sin6cos®) ™" 0d6 = 21_1 [ sin"'20d6
or(2n) 29 2

0

(or)

1/ i 21
- _j "o dp(put 20 = @)= 5 2] sin™pdg
2 B 0

:(r((”));: 1 \/; (F(n)j
2I(2n) 272 - n+l

2
= 2T (n) [ j Jz T (2n)
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

UNIT-1V
DOUBLE AND TRIPLE INTEGRALS

Double Integral:
l. When y1, y2 are functions of x and X, and Xz are constants. f(x, y)is first integrated

with respect to y keeping ‘x’ fixed between limits y1, y2 and then the resulting expression is
integrated with respect to ‘x” within the limits x1, x> i.e.,
X=Xy y=¢(X)

” f(x y)dxdy = J '[ f (x, y)dydx

R X=X y=¢(X)
. When x1, x2 are functions of y and y1, y, are constants, f (x,y) is first integrated with
respect to ‘x’ keeping ‘y’ fixed, within the limits x1, x> and then resulting expression is
integrated with respect to y between the limits y1,y-i.e.,

=y,  X=h(y)
_Uf(x, y)dxdy:yjy .[ f (x,y)dx dy
R y=y1  x=h(y)

I1l.  When x1,x2,y1,y2 are all constants. Then

X )

H (x, y)dxdy = I J' xy)dxdy—jj (x, y)dy dx

Y1

It can be used in any order

PROBLEMS:

2
1. Evaluate I xy>dx dy
1

2[ 3 ) , X2 9 zyz
Sol. I{J'xy dx}dy :j[y .?} dy:j?dy[g—l]
101 1 1 1
2 2
:gJyZdy =4[ ydy
1 1

s /T 4 47 28
=4, V/} =_[8-1]="2=22
[ 3] 3[ ] 3 3

2. Evaluate ﬁ' y dy dx
00

sol. f j ydydx = i{j ydy}dx

x=0y=0 x=0[_y=0

- §[£ o f5te-opne o3l Ge-0-3-S

x=0 x=0

P —

XZ

3. Evaluate hx x +y2)dxdy
00
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

Sol T (v dvax [ ey ' d
. X{ X"+ X = Xy +— X
J T xtesy e Jeys ]

x=0 y=0 x=0

4, Evaluate

> 0 'c[ 1+x*+y* L (1+x) y dy |
1| N1xP 1
= dy |dx
jo =0 (\/1+x2)2+y2

1 1 1+x°
= T d ele 1 _1 -1
x‘[oxll { \ »\/1+x } " [.jmdx_atan VAl

[Tan"1-Tan"0]dx or %(sinh-lx)g =%(sinh‘11)

T 1 T \/2* !
:—'_[ = dx:z[log(x+ X +1)}x=0

00 }
Sol: TTe“x2+yz)dxdy=Te‘y2 ﬁexzdx}dy o o X
00 0 0
Ty \/; . ,OO —x2 _ﬁ
:l‘eVTdy .Oe dx = 5
—ﬂTe :£ ﬁzﬁ
2 2 4
Alter: TTG(XZW )dxdy = j J e rdrd@ (o2 +y? =r?)
00 6=0r=0

(Changing to polar coordinates taking X =rcosé,y =rsind)
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

6. Evaluate ”xy(x+ y)dxdy over the region R bounded by y = x2and y = x

Sol:  y = x* is aparabola through (0, 0) symmetric about y-axis y = x is a straight line
through (0, 0) with slopel.

Let us find their points of intersection solving y = X°,y = x we get
X =x > x = 0,1 Hencey =0,1

.. The points of intersection of the curves are (0, 0), (1, 1)
Consider _U Xy(X+ y)dxdy
R

For the evaluation of the integral, we first integrate with respect to y from y =
x2 to y = x and then with respect to x from x=0 to x=1

I:ZO[I:zxz Xy (x+y)dy }dx = J-Xlzo[jyxzxz (xzy +xy? ) dy }dx

el g 2 3) |65 14 24

0

1 1 1 28-12-7 28-19 9 3

6 14 24 168 168 168 56
7. Evaluate ”xydxdy where R is the region bounded by x-axis and x = 2a and the curve
R

x’= 4ay.
Sol: The line x = 2a and the parabola x?= 4ay intersect at B(2a, a) !
L Al1,1)
~The given integral = ny dx dy Q/ ¥=x:
R Y=x P
010.0) *
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

Let us fix ‘y’, for a fixed ‘y’, x varies from 2\/5 to 2a. Then y varies from
Otoa

Hence the given integral can also be written as

N 2V o e Y

XZ 2a
- Iy:o {?} ydy

x:Z\/E

= .[;:o [Za2 -~ 2ay} ydy

_|2a%y* 2ay’ )
|2 3

=a" - il
3 3 3
8. Evaluate IO j rsin@dadr
0
Sol. f_or“ﬁ)sin ede}dr :jlz r(—cosa)z/jodr

L rlzo—r (cos% —CO0S O)dr

1 L 2 1 1 .
=J‘0—I’(0—1)dr=.[ordr=[?j :E_O:E

0

9. Evaluate [[(x*+y®)dxdy in the positive quadrant for which x+y<1

Sol. Lj(xz+y2)dxdy:jxl_odxj'yy::_x(xz+y2)dy
Bo.1)

L 3\ P owdy=1
= J' (xzy + y—j dx | .
x=0 3 0001 a !

A[L,0)

3 4 L
= X__X__i(;L_X)“ :1_1_0+i:1
3 4 12 , 3 4 12 6
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

8. Evaluate H x*+y? )dxdy over the area bounded by the ellipse 2 " #zl
Sol. Given ellipse is _+y_2:1
a> b .
o y? X 1 b?
|e.,§:1—¥:¥(a2—x2)(or)y2:g(az—xz)

R

Ly= iE\/az -x? Nl-ap) ©O0.0) Afa,0)
a
Hence the region of integration R can be expressed as
_aSXSa,_—b a’—x* < ySE\/az—xz
a a
/\iaz —x? ) g
H(x +y?)dxdy = L J Sy Xz(x +y* ) dxdy

R

/ﬁ 2 Y 3(2 y3 j%ﬁ
_[X aj x +y)dxdy 2_[_a X7y + 4 :

- zfa{xz.%x/az — X +%(a2 —xz)%}dx

=4_[:{% x2y/a? — x? Jr?’b—;(a2 —xz)%}dx

Changing Cartesian to polar co-ordinates put x=asind = dx=acos&dé

>

X . i
Z=sin@=0=sin"=
a a

If x—0,Thend -0 and if x—>a,Then¢9—>%

_a[7 b/ a2 cin? b* .
—4j0 A.a sin 0.acos€+§.a cos® @ |acos@da

P 3
=4j/ a’bsin® 9cos® 0+ — ab’ cos* @ |do=4 a3b.ll Z+£.§.1 z
I 3 42'2 3422
K4 1z
2 _ _ T
-.-jsinmecos“0d0= n 1. n-3 . 2
0 m+n m+n-2 m
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

=72 (a7 +1?)

Double integrals in polar co-ordinates:

1. Evaluate jo% _[ ssné_rdrdg

77 asin d d& 77 asin _ 77 asin -2
so. [} S [ st = R o
:%Io%z(\/az—r2):Singdaz(—l)jo%z[\/az—azsinze—\/az—OJdH

i
0

- (<a) [ *(cos0-1)d0 = (~a)(sin0-0)
:(-a)[[sin%_%}(o-o)}
-8 Y|4 7 Y|

2. Evaluate [[ r3drd@ over the area included between the circles r = 2 sin@ and r =
4sin0

Sol:  The region of integration R is shown shaded .Here

¥

rvaries from P(r = 2sin6) to Q(r = 4 sin 0) and to cover gar/2

the whole region varies 8 from 0 to f‘f redsing
=)

r=2sing
T 4sin @ fd=n
ff r3drd@ =f f r3drd
0 Jr=2sinf

__ (m( 4siné
y fo {fr=25in9T3dr} do

o g=0 ¥

4sin @

- fon <7:*_A‘)Zsine do

= = J; (256sin*0 — 16sin*0) do

60/, sin*0 do
Lj‘f@Mx=2ff@Mmﬁf@a—@=f@4
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

-60x 2 [17* sin*0 df =120 2 =22

X2 2 2

Change of order of Integration:

4a
1. Change the order of Integration and evaluate L_O jy_x7 dy dx
- T /4da

2
L : : X .
Sol. In the given integral for a fixed x, y varies from " to 2«/ax and then x varies from
a
0 to 4a.
2

Let us draw the curves y = Z— and y= 2ax
a

The region of integration is the shaded region in diagram.

4a p2+fax
The given integral is —J. _[ dy dx

Changing the order of integration, we must fix y first, for a fixed y, x varies from y?

4a

day
and then y varies from 0 to 4a.Hence the integral is equal to

Xi=day

I I V/d xdy I [J‘Jy_/dx}dy | Alda da)
S R MR 74 "I

:—\/_4a\/E——643 332 2 1§a2:%az

2. Change the order of integration and evaluate = Ioa j;z(xz + yz)dx dy
a

L i . X .
Sol. In the given integral for a fixed x, y varies from —to \/Z and then x varies from 0 to a
a a
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

Hence we shall draw the curves y =§ and y = \/g
a

i.e.ay = x and ay’= x
) A(0,1) 5y ox
We get ay = ay o

Q
=ay-ay’=0=ay(l-y)=0=>y=0,y=1 |

O(0.0)  Jyz=y
If y=0, x=0 if y=1, x=a

The shaded region is the region of integration. The given integral is

_[X OI x +y )dxdy

Changing the order of integration, we must fix y first. For a fixed y, x varies from ay?
to ay and then y varies from O to 1.

Hence the given integral, after change of the order of integration becomes

[LJ by = [ 7, (7)o
1 (%3 Y
= J.y:O [3 + xyzj dy

x=ay?

1 a3y3 y a3y6 A
= ay” — —ay" |d
[ 3 +ay 3 y" |dy

~ a3y4 +ay4 _a3y7 _a_ys !
12 4 21 5 y=0

a
12727215 28" 20

12-x
3. Change the order of integration in j I xydxdy and hence evaluate the double integral.

Sol.  Inthe given integral for a fixed x, y varies from x? to 2 — x and then x varies from 0
to 1. Hence we shall draw the curves y = x2and y = 2 — x.

The line y = 2 — x passes through (0, 2), (2, 0)

Solvingy = x%y =2 —x M02® X sy Ky JB
o 0.2)

¢ R1IALY)
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

Thenwe get, X’ =2-X =X +X-2=0=X*+2Xx-x-2=0
= X(Xx+2)-1(x+2)=0=(x-1)(x+2)=0 = x=1-2

If x=1y=1
If x=-2,y=4
Hence the points of intersection of the curves are (-2, 4) (1, 1)

The Shaded region in the diagram is the region of intersection.

Changing the order of integration, we must fix y, for the region within OACO for a
fixed y, x varies from 0 to [y

Then y varies from 0 to 1

For the region within CABC, for a fixed y,x varies from 0 to 2 — y, then y varies
from 1to?2

Hence I:IXi_Xxydydx: ﬂ xy dx dy + J‘J. xy dx dy

OACO CABC

-, [ de} ydy+ j;_l[f__oy X dx}y dy

2-y
2
X

N g
1 X 2 [ X
_Lzo ?j . ydy+jy=1(?j :Oydy

X

Y 2 (2-y)
= y:oz.ydy+.[y:1 5 ydy

:% yl:O yzder%..|'y2_1(4y—4y2 +y*)dy

3\! 2 3 472
()Ll ey v
213 0 2] 2 3 4

1

:%_%%[2.4—2.1—%(8—1%%(16—1)]

=—4+=|6-—+—
12

11 28 15| 1 1]72-112+45
6 2 3 4

6 2

1 1[5}_4+5 9
12
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

1 p1-x2
4. Change of the order of integration jo jo y dx dy

Sol: Now limits are y = 0 to land x =0to1-y?

puty =sin@

J1-y? =cosd »

dy =cosé@da
XK=

Xéyi=]

Lo ] 2
= 1— d R
J.O y y y ﬂ-[_ 1,0) O0,0)

- J';%sin2 @cos® 6do = L%sin2 ede—jo%sin“ 0do

=%(%)_%%(%)=%6
Change of variables:

The variables x, y in ﬂ f (x, y)dx dy are changed to u, v with the help of the relations
R

x=f,(u,v),y=f,(u,v) then the double integral is transferred into

o(x.y)
d(u,v)

Where Rtis the region in the u v plane, corresponding to the region R in the xy —plane.

dudv

jj £ (U)o f, (uv)]

Changing from Cartesian to polar co-ordinates:
X=rc0sd,y=rsing

8[(& y)]= o

—rsinég
rcosd

cosé@
sin@

¥ o
o o0

= r(cos2 0 +sin’ 0) =r

H f(x, y)dxdyzﬂ f (rcos@,rsin@)rdr d@

R

Note: In polar form dx dy is replaced by rdr dé
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

PROBLEMS:

—(x*+y
1. Evaluate the integral by changing to polar co-ordinates .[o Io € )dX dy

Sol. The limits of x and y are both from 0 to .

.. The region is in the first quadrant where r varies from 0 to « and ¢ varies from

Oto%

Substituting X=rcosé,y=rsing and dxdy =rdrdé

Hencej j e_ dxdy I/I e"rdrdo

Putr? =t

= 2rdr = dt
_dt

=rdr= A

Wherer=0=t=0and r=co=t=o

jje’“y dxdy = j/j e 'dtdo
=J?‘§<e-t>:de
=—j/o 1)do = =(0)/ = 177 A

z_yz
2. Evaluate the integral by changing to polar co-ordinates IO IO (X2 + y2 )dx dy

2

_ [i2_
Sol. The limits for x are x=0 to X=ya -y
=>x +y?=a

. The given region is the first quadrant of the circle.
By changing to polar co-ordinates

X=rcosd,y=rsing,dxdy =rdrdé

Here ‘r’ varies from 0 to a and '@'varies from 0 to %

_[jay x+y dxdy I/I r’rdrdé
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

7 al v
_J. ( jo de_ 4 (0)0
- éa“
4a ry X2 B y2 2( T 5
3. Show that _[0 j.y%a VY. dxdy =8a 573

2
Sol. The region of integration is given by x = y%a’ x=y andy =0,y = 4a.

i.e., The region is bounded by the parabola y?= 4ax and the straight line x = y.

Let X=rcosé,y=rsind.Thendxdy =rdrdéd

The limits for r are ¥ = 0 at O and for P on the parabola Y Plda da)
y=x
r’sin?0=4a(rcosf)=r :w
sin“ @
For the line y=x, slope m=1 i.e., Tanezl,ez% -y
0(0,0)  y2=4ax

The limits for 6: % N %

Also x* —y* =r?(cos* @=sin’ 0)and x* + y* =r°

dx dy —j - %J.‘l_acos/'” *(cos* @—sin® @)rdrdg

j4ajy/ X +y

) % s rz 4acos%n20
_J.Q_V(cos 0 —sin 49) > do
/4

0

cos? @
sin* @

de

=8a I/ cos 0 —sin 6‘)

=8aZIZ(cos4 6 —cot? Q)de =8a? [37;2_8 +%—1} =8a? (%—gj
4
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

Triple integrals

If x1, x, are constants. ys, y» are functions of x and z1, z» are functions of x and y, then f(x, y, z)
is first integrated with respect to ‘z’ between the limits z: and z> keeping x and y fixed. The
resulting expression is integrated with respect to ‘y’ between the limits y, and y. keeping x

constant. The resulting expression is integrated with respect to ‘x’ from X1 to x2

¥=0,(x) JZ:fZ(X'Y)f(X, y,z)dz dy

ie.| j [ f(xy,2)dxdydz = ija LZW)

PROBLEMS:

1. Evaluate '[01 J‘Oﬁ jo a Xyz dx dy dz
I

z=fi(x,y)

Xyz dx dy dz

Xyz dz

S LN

fl—xz—yz

2

2 4
Ly (1_X2)y__y_ dx
2 Jx=0 2 4_O
1 o1 yz x2y2 y4'1‘x2
=—.j X[ Z———F L dx
2h0 2 2 a4

:%,ﬁ_ox[z(l—xz)—sz (1—x2)—(1—x2)2}dx

2 4 6
i (x—2x3+x5)dx:l X_x . x
g 4x-0 8|2 4 6]
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MATHEMATICS -II DOUBLE AND TRIPLE INTEGRALS
1(1 1 1) 1
gl2 2 6 48
X+
2. Evaluate_[ _[ J X+ Y+Z)dXdde

J x+ y+y dxdydz

X-Z

[\ )

Sol:

L e—ar

I

X=Z

zjlllv[ozx(x+ z)—x(x—z)+_XJ2rz} —[X;Z} +2(X+2)—2z(x—z)dxdz

1 pz 1
:.[_1'[0 22(x+z)+§4xz dx dz

2 277
:ZJ.1 AL NP A T
-1 2 2

0

3 3 a\!
=2.jl el =4l =0
4 2 2 4),

3. Evaluatef [, [(xy + yz + zx)dxdydz, where V is the region of space bounded by
planesx=0,x=1,y=0,y=2andz =0,z = 3.

Sol: [ [, J(xy +yz +zx)dxdydz = fzsz o fy2=0 fxlz Xy +yz + zx)dxdydz

= szo fzzo(x—zy +xyz + ﬁz)(l)dydz
y 2 2
3 2
= [ o Jy X+ yz+2)dydz
_r3 (vy*,»y? 2y\2
U ey

= fzio(l +2z+z)dz

= fzi (1+32)dz

:(z+3z) 3+— ==
2 2
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

Applications of Multiple integrals:

Finding the area of a region using double integration: Y=gix)
The area of the region R bounded by given curves is given by -
A gl:x:l W =Fx)
” dxdy ” chcdx _[ _Ilff}’ffx o
2 or ® = Fm2}=flx] . xuh
[[rdras

In polar form the area of the region R is &

2 4 32
1. Find the area of the circle ¥ T =¢

” cfxady X
Sol: Area of the plane region = 2 .
For the region R v %
X-various from — a to a i -
0
Y-various from - \!ﬂz -x to \'Iﬂg -x )
St
L Area af the circle = ” dxdy
R

a oot
_[ dhvelx
g %0 pD

_T a® — xidx
=410

|:§«.|'a2—xz +§sin_l(£]j| |:Cl +aé—2.j—;j| ,
=4 d =4 =

2. Find the area of the circle r = a

ratrd 8
Sol: Areaofthe circle = #

a dx ane r=a

[ Jrawe (7 - x
= Faull @] - 2 ] —Q
ﬂj

— 2
= 2 ::-"'ﬂ2

3. Find the area of the cardiod r = a(1 + cos0)

/2

x @ l+osd)
[[rarae [ [raras -
Sol: Area=2 % =20 0 : E;o“ ) :
%Tﬂgﬁ+cosﬂ}zd5‘ il
=<0

4.:;2.2i-|:os4¢§:1'-;25 E—-;Ef'
f (¢ )
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

3

= 2
sing Triple integration:

| =

8@23
T

o] —

Finding the volume of a regio
[[av
Volume of the solid = *

m dxdvdz

>
C

1, .2, .2 _ .2
1. Find the volume of the Sphere * t» t2" =4

T3 3 ) )
Sol: Thesphere * T% T2 =2 js cut into 8 equal parts by three co-ordinates

Planes .Hence the volume of the sphere is equal to 8 times the volume of the solid bounded

7, .2, .3 _ .2
byx=0,y=0z=0and* T T2 =a"

) [ 22 h
Z- varies from 0 to F
] 2
Y-varies fromQto ¥&¢ —X

X-varies from 0 to a

a ol T fﬂz_xz_:_,z

[ | [azdvix
- Required volume v=8* »8  z-

a -'\.Ifl2

I -IT"E et — 2 =y dydx

=g8x=0 »-0
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

Change of variable in Triple integrals:

Letx = @1(w,v,w),y = @2(u,v,w),z = ®3(u, v, w) be the relation between old variables
(x,y,z) with the new variables (u, v, w) of the new coordinates system .
[[| #x.3.2dxdviz = [[[ 7(a. . &) Jedudvaw
Then v
1. Change of variables from Cartesian to spherical co-ordinate system:

The relation between Cartesian co-ordinates &
x,y,z and spherical co-ordinates, r, 8, ¢ are

given by TPy, 2)0r(p,0,0)

x=rsn fcosd
— o ; o

¥=rsin Jsin e/

z=rcosd o .y
Hax, v,z
M S PN v

When J= 9. 8.8 = r* siné g:m.,[_\/x"zTy*‘] ——

Then

¢=m“[§) O=p=2m
Fx, v 2)drdvdz = ||| Firein Scosd rsin Ssin §,7 cos e sin Sdaidd g

Cartesion to cylindrical co-ordinate system:

pra

x,y,z-1,0,z~0r)p, b,z
T HP(x,y,2)0r(p,0,9)

x =pcosd,y =sind,z=2z
:
al:xr .}?FZ) 9‘&\ ”Y e
- P ‘\\ //
)= Ble.d.z) =p. PN i
; Koo \. f=tan ({] (0=g<2m

[ # =3, 2)dxdyaz = [[[ Focos . 05in ¢, 2)d0d

1. Using spherical polar coordinates then the volume of the sphere
Sol: By changing into polar coordinates

x=rsin Scosf

y=rsin Jsin @
z=rcosd dxcvdz = r* sin Sdrd M
r—=0ioa
8—=0tom
$—0t0 27
Required volume = -I]- dxdydz
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

T ] Trﬂ sin &rd ¢

— goul) Al )

3
% (~cos B3 (B2

4mad
3

-I:I]-l'::ir2 + ¢ 4+ 28 dxdvdz

2. Evaluate taken over the volume enclosed by the sphere

2 2 _
Ay etz —1,bytransforming into spherical polar coordinates

Sol:

1 oz @
J]]-(xﬂ +y* 4 2 )dndyz _ ?L[n!urﬂrz sitt &rd &g

_|'_|'_|'r;x2 +y dxdvdz

3. Using cylindrical co-ordinates taken over the volume bounded by

0 2 _ . 2
the xy -plane and the parabolid Z=77% —»"
Sol:

3 2z 9
[ [ [rrardee 2;??_[(9 P yridr
y=O0g z=0 = ¥l

M{E_iT
_ 14 6]

o 722 23], 2aim
N AR

1 J1-2® 1= —p"

J

2
4 Evaluate ™ »0 = 1= % ¥ by changing to spherical polar coordinates.

.:;Ez.:fydx

2 3, .1
Sol: Given region of integration is the volume of the sphere * T¥ 12" =1 in the first
octant

r—0l

For which 2

I $ 5.
j- lj- -l-y cizdy.:fx j- i- Trgsmﬂ?rd&f';é
=0 =i
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MATHEMATICS - DOUBLE AND TRIPLE INTEGRALS

A R
(~c05)7 (9)3 I%d
= a

J1=r _
. 1.
l.g[sm'lr—{%m‘ — +55m'1}:|

Alx_la| o
_2|lz z22|_g

5. Using cylindrical co-ordinates, find the volume of the cylindrical with base radius
a and height h.

1

0

go|: X=rcosf, y=rsing, z=z

1

r—=Dioa
8 —=0iadir
I=r z = Dok
ix

a kB 2
drd 8z @
Required volume= -I]- ardydz rIn Ju Jur " 4 E'Emg _ma’h

: I : 4 3 + 2 Vdxdydz
6.Using cylindrical coordinates evaluate -m(x Y +20)dxay

Ogz=x+y° =1
Sol:

taken over the region

F—=0fal
& —= 0ol

z—=0fal
x2+u}f2=:r":4 J=r
1 2x

1
[ | [o*+z*vdra
Given integration= 7=0 #-0z=0
4

T
— 4

1

omirl Loy FLE ST
ER R R

wal
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MATHEMATICS -lI VECTOR CALCULUS

UNIT -V
VECTOR CALCULUS
INTRODUCTION
Scalar: A quantity which is completely specify by its magnitude only.
Ex: Time, Temperature.
Vector: A quantity which is completely specify by its magnitude and direction.
Ex: Force ,Velocity.

Position Vector: Let A and B are two vectors then the position vector of AB is
AB=0B-0A.

If @=a,i+a,j+askthen |al=\/a,2 + a,® + a3
If @ is any vector then its unit vector is given by %

Dot Product

a.b=|al|b| coss where 6 is angle between two vectors

Weknowi.i = j.j = k.k =1and i.j = j.k = k.i=0

if @ =a,i+a,j+ask,b=byi+b,j+bkthen a.b= aibi+arb+ashs

Cross Product

i j ok
=la; a, az| sinceixi =jxj =kxk=20
by b, b3

ixj=k; jxk=i; kxi=j; jxi=-k; ixk=-j; kx j =i
Scalar and Vector Point Functions
Consider a region in three dimensional space. To each point P(x,y,z), suppose we associate a

unique real number (called scalar) say ¢. This ¢(x,y,z) is called a scalar point function. Scalar
point function defined on the region. Similarly if to each point P(x,y,z) we associate a unique

vector f (xy,z), f is called vector point functions.

Examples:

For example take a heated solid. At each point P(x,y,z)of the solid, there will be temperature
T(x,y,2). This T is a scalar point function.

Suppose a particle (or a very small insect) is tracing a path in space. When it occupies a
position P(x,y,z) in space, it will be having some speed, say, v. This speed v is a scalar point
function.
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MATHEMATICS - VECTOR CALCULUS

Consider a particle moving in space. At each point P on its path, the particle will be having a
velocity V which is vector point function. Similarly, the acceleration of the particle is also a
vector point function.

Tangent vector to a curve in space

Consider an interval [a,b].

Letx = x(t),y = y(t),z = z(t)be continuous and derivable for a<t <b.
Then the set of all points (x(t), y(t), z(t)) is called a curve in a space.

Let A= (x(a),y(a),z(a)) and B = (x(b),y(b),z(b)). These A,B are called the end points
of the curve. If A =B, the curve in said to be a closed curve.

Let P and Q be two neighbouring points on the curve.

'“‘“‘I

LetOF =#(t), 00 =7(t+8t) =7+ 7. Thendr =00 — =FPQ

%
O

P
Then EIS along the vector PQ. As Q—P, PQ and hence ry tends to be along the tangent

to the curve at P.

or dr dr
Hence I E pr will be a tangent vector to the curve at P. (This ot may not be a unit
vector)
Suppose arc length AP = s. If we take the parameter as the arc length parameter, we can

ar .
observe that P IS unit tangent vector at P to the curve.

Vector Differential Operator

Def. The vector differential operator V(read as del) is defined as

V =i £+ J 2 +k é
ox oy oz’

This operator possesses properties analogous to those of ordinary vectors as well as
differentiation operator.

We will define now some quantities known as “gradient”, “divergence” and “curl”
involving this operator V. We must note that this operator has no meaning by itself unless it
operates on some function suitably

Gradient of a Scalar Point Function

Let ¢(x,y,2) be a scalar point function of position defined in some region of space. Then the

vector function i_%-i- ]% + IZ% is known as the gradient of ¢ or V¢
OX oy 0z
-0 =0 ¢ 6‘¢ o¢p
Vo= (I —+ J— -| +k ==
o=(1— Jay )¢ ay P
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MATHEMATICS -lI VECTOR CALCULUS

Directional Derivative

Let ¢(x,y, z) be a scalar function defined throughout some region of space. Let this function
have a value ¢ at a point P whose position vector referred to the origin O is OP = r. Let
d+A¢ be the value of the function at neighbouring point Q. If @@ =#+ Ar. Let Ar be the

A

length of A7. — gives a measure of the rate at which ¢ change when we move from P to Q.
AT

The limiting value of i—‘“ as Ar— 0 is called the derivative of ¢ in the direction of PQ or
simply directional derivative of ¢ at P and is denoted by dg/dr.

The physical interpretation of V¢

The gradient of a scalar function ¢(x,y,z) at a point P(x, y, z) is a vector along the normal to
the level surface ¢(x,y,z) = cat P and is in increasing direction. I1ts magnitude is equal to
the greatest rate of increase of ¢ .

Greatest value of directional derivative of @ at a point P = |grad ¢| at that point.
NOTE:
llet r=xi+ y ]+ zk. Then dr=dxi+ dy ]+ dzk if ¢ is any scalar point function, then
dg = %dx+%dy+%dz = i'ai)+ ]ai)+ Izai) .(idx+]dy+Edz): vodr

OX oy 0z OX oy 0z
2. grad® atany point is a vector normal to the surface ®©(X,Y,z)=c through that point w
P(X,Y,z) where c is a constant.

3. The directional derivative of a scalar point function ¢ at a point P(x, y, z) in the direction
of a unit vector eis equal to e. grad ¢=e. V¢.

4.1f 6 is angle between two surfaces @,, @, then

Vo, VO,
Cos 8 =
VD11V, |

5.Unit Normal vector of a surface @ is

Vo.
Vol
PROBLEMS
1. Show that V[f(r)] = @r where F= xi +yj+zk .
Sol:- Since F= Xi + Yj + zk , we have r?= x?+y?+2°

Differentiating w.r.t. ‘x’ partially, we get

2 ox = X similarly =Y 2
OX ox r oy r oL r

(12000 0 ) inesitm oS X
V[f(r)]-(lax+jay+kasz(r) > if (r)ax Y if (r)r
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MATHEMATICS -lI VECTOR CALCULUS

1 —
Note : From the above result, V(logr) = —r, V(") = nr"-2r.
r

2.Find the directional derivative of f = xy + yz + zx in the direction of vector
i +2]+ 2k atthe point (1,2,0).

Sol:- Given f = xy + yz + zx.

Gradf= i+ ]ﬂ+2g:(y+z)i'+(z+x)j+(x+y)IZ
OX 0z

If € is the unit vector in the direction of the vector i + 2] + 2k , then

P +2j+2k
V17 +2% 422
Directional derivative of f along the given direction = &.Vf
= %(ﬁ 2+ 2Ky + 2)i + 2+ )]+ (x-+ vk Jat .20)

e= =%(i_+2]+212)

3. Find the directional derivative of the function xy®+yz*+zx? along the tangent to the
curvex =t,y = t’,z = tdat the point (1,1,1).

Sol: - Here f = xy*+yz®+zx?
~of -of -—of . = —
Vi=i—+ j—+k—=(y> +2xzJ + (2% + 2xy)j + (x* + 2yz
o iy Kg = a2 v 2g)i+ b 2y
At (1,1,1), Vf=3i+3j+3k
Let r be the position vector of any point onthe curve x =t,y = t%z = t°. then

I =xi+yj+zk=ti +t2 j+t°k

Z_:: [+ 2t +3t% = (T+ 2 + 3K) at (L,1,1)

or .
We know that Y is the vector along the tangent to the curve.

i+2]+3E _i+2]+3R

N T N7

Unit vector along the tangent =e < =
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MATHEMATICS -1 VECTOR CALCULUS

. L - 1 . . - oL

Directional derivative along the tangent = Vfe = — (i+2j+3k).3(i+j+k
g g Jﬁ( J ) 3(1+ J+k)

3 18

—@1+2+3)=—=

\/14( ) V14

4. Find the directional derivative of the function f = x?—y?+22? at the point P =(1,2,3) in
the direction of the line PQ where Q = (5,0,4).

Sol:- The position vectors of P and Q with respect to the origin are OP = i +2j+3k and

OQ=5i+4k ; PQ=0Q —-OP = 4i—2j+k

— 4i-2j+k
Let € be the unit vector in the direction of PQ. Then € _AzelrK
grad f = iy jﬂﬂzq = 2Xi —2yj + 4zk
ox oy 0z

The directional derivative of f at P (1,2,3) in the direction of PQ = & .Vf

1 1 1

J21 Va1 Va1

5. Find the greatest value of the directional derivative of the function f = x?yz® at (2,1,-1).

(47 =2 +K). (2x7 - 2y] + 42K) —= (8X+ 4y +42) 1 55 == (28)

Sol: we have

grad f = iy ]iﬂzq: 2xyz°T +x%2° j +3x%yz’k =—4i —4] +12k at (2,1,-1).
OX oy 0z

Greatest value of the directional derivative of f = |Vf| = V16 +16+144 = 411

6.Find the directional derivative of xyz?+xz at (1, 1,1) in a direction of the normal to
the surface 3xy2 + y = z at (0,1,1).

Sol:- Let f(x,y, z) =3xy*+y — z=0

Let us find the unit normal e to this surface at (0,1,1). Then

ngyz, i=6xy+1,§=—1.
OX oy 0z

Vi = 3y2i+(6xy+1)j-k
(Vf)o11) = 3itj-k = n

N 3i+j-k 3i+j-k
Al Vo+i+1 V11
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MATHEMATICS -lI VECTOR CALCULUS

Let g(x,y,2z) = xyz? +xz, then

8_g=yzz +2, a—g=xzz,a—g:2xy+x

OX oy oz
Vg = (yz?+2)i + xz2j + 2xyz + x)k
And [V0] @11 = 2i+j+3k

Directional derivative of the given function in the direction of € at (1,1,1) = Vg.e

—(2i++3K) (3|+]—kj:6+1—3_ 4

Vi1 NEERNT]

7.Evaluate the angle between the normal to the surface xy = z? at the points (4,1,2) and
(3,3,-3).

Sol:- Given surface is f(x,y,z) = xy — z°
Let n, and N, be the normal to this surface at (4,1,2) and (3,3,-3) respectively.

Differentiating partially, we get

of of of
— =Y, —=X,—=-21.

OX oy oz

grad f= yi +xj —2zk

n,=(grad f) at (4,1,2) =i +4]j—4k

non, _ (i+4j-4k) (8i+3]j+6k)
nfn,| V1+16+16 " 9+9+36

cos 0 =

(B+12-24) -9

V3354 3354

8. Find a unit normal vector to the surface x?+y?+2z% = 26 at the point (2, 2 ,3).

Sol:- Let the given surface be f(x,y,z) = x>+y?*+2z2 — 26=0. Then

of :2x,g:2y of

— ,— =4z
OX oy oz

grad f= ZI_Z—]; =2xi + 2yj + 4zk

Normal vector at (2,2,3) = [Vf ]2 = 4i+4 | +12 k

VE A +j+3k) i+j+3k
vl 411 Vi1

DEPARTMENT OF HUMANITIES & SCIENCES | ©@MRCET (EAMCET CODE: MLRD) WYy

Unit normal vector =




MATHEMATICS -lI VECTOR CALCULUS

9. Find the values of a and b so that the surfaces ax’—byz = (a + 2)x and 4x*y +
z°= 4 may intersect orthogonally at the point (1, -1,2).

(or) Find the constants a and b so that surface ax?>~byz = (a + 2)x will orthogonal to
4x’y + z°= 4 at the point (1,-1,2).

Sol:- Let the given surfaces be f(x,y, z) = ax’~byz = (a + 2)x ------------- (1)
And g(x,y,z) = 4x*y + z°= 4 -----mm- 2)
Given the two surfaces meet at the point (1,-1,2).
Substituting the point in (1), we get
a+2b—(a+2) =0=b=1

Now a =2ax—(a+2), a =-bzand a =—hy.
X oy 0z

Vi = Zi_%z[(Zax—(a+2)]i—bz+bk = (a—2)i —2bj + bk

= (a — 2)i — 2j + k = n,, normal vector to surface 1.

Also a = 8xy, aq_ 4x2,6—g =3z°.
OX oy 0z

Vg = Zl_g—?( =8xyi + 4x% + 3z°k

(VO9)a-12 = —8i +4j + 12k = n,, normal vector to surface 2.
Given the surfaces f(x,y,z), g(x,y,z) are orthogonal at the point (1,-1,2).
Vi [Va]=0= ((a—2)i — 2j + k). (=8i + 4j + 12k) = 0
=—8a+16—-8+12=a =5/2
Hencea = 5/2and b = 1.

Divergence of a vector

2|

+

2|2
+
=~

Q|

Let f be any continuously differentiable vector point function. Then i.

called the divergence of f and is written as div f .

i.e., div f‘:i‘iﬁﬂﬂ?ﬁ: i‘§+jﬁ+|2ﬁ f
X oy e \ox oy 